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Abstract. We presert a framework for designing stable control schemes
for systemswhose dynamic equations change asthey evolve on the state
space.lt is usually di cult or evenimp ossibleto designa single controller

that would stabilize such a system. An appealing alternativ e are switch-
ing control schemes,where a di erent controller is employed on each of
the regions de ned by di eren t dynamic characteristics and the stabilit y
of the overall system is ensured through appropriate switching scheme.
We derive sucien t conditions for the stability of a switching control

scheme in a form that can be used for controller design. An important
feature of the proposedframework is that although the overall hierarchy
can be very complicated, the stability depends only on the immediate
relation of each controller to its neighbors. This makesthe application of
our results particularly straight forward. The methodology is applied to
stabilization of a shimmying wheel, where changesin the dynamics are
due to switches between sliding and rolling.

1 Intro duction

The design of controllers for hybrid systemsis a dicult problem that is still
not satisfactorily solved. Most existing design methodologies assumethat the
underlying dynamics are corntinuous and that the hybrid behavior arises be-
causethe system must perform seweral functions. The control synthesis task is
then to designcortrollers that achieve eadh of the functions and a coordination
schemethat guaranteesthat properties like safety and livenessare satis ed at
all times. This work addressesa di erent problem. We study dynamical systems
that changetheir dynamic behavior asthey ewolvein the state space.The hybrid
nature is thus inherent in the dynamics of the system and doesnot come from
the cortroller speci cation. In this paper we study the problem of stabilization
of such systems.The goalis to designa cortroller that stabilizes an equilibrium
setin one of the regions, moving through other regionsif necessaryWe achieve
this by designinga cortroller on ead of the regionsand a schemefor switching
betweenthese cortrollers. We show that the stability of the overall system can
be guaranteed by imposing conditions on cortrollers that operate on adjacert re-
gions. This leadsto modularity of the designprocessand considerably simpli es
the synthesis problem. The stability analysisis basedon Lyapunov functions.
A starting point for cortroller designis a choice of a formalism for description
of a hybrid system.In the literature we can nd se\eral alternatives.Alur et al.
[1] and Nicollin at al. [2] de ned the notion of hybrid automaton, building their



work on the automata theory. Brockett [3] devised his model using the theory
of dynamical systems. Other works in this category are [4] and [5]. Branicky
givesan overview of such models and relatesthem to his own model [6]. We use
modelsin this secondgroup for our work.

Prior work on hybrid controller design has often been limited to specic
applications. Lygeros et al. [7] proposeda game-theoreticframework for design
of controllers for intelligent highway systemsand air trac control systems.
Puri [8] and Deshpande[9] developed methods for cortroller design using a
simpli ed version of hybrid automata. Kohn et al. developed a methodology for
coordination of multiple agerts [10]. Branicky & Mitter [11] and Zefranet al. [12]
employed optimal cortrol for synthesis of open-loop trajectories. Goodwine &
Burdick [13] developed a controllabilit y test and a planning method for a classof
hybrid systemscalled strati ed systems.An important step in controller design
is veri cation. The approadesin [7]{[9] include veri cation as an integral part
of the design process.Some other works that addressthe veri cation are [14],
[15], and [16)].

A number of authors consideredstability of hybrid cortrollers. Branicky [17]
devisedsu cien t conditions for stabilit y of a systemthat switchesbetweendi er-
ent controllers that stabilize an equilibrium point. Basedon this work, Malmborg
et al. [18] proposed a strategy for choosing a controller among seweral avail-
able controllers sothat the overall systemis stable. Both papers allow dynamic
equationsto change, but they are primarily concernedwith the casewhen the
equilibrium point is the samefor eadt controller sothere is no needto actively
drive the systeminto somedesignatedregion, aswe do in the presen paper. An
earlier work on stability of switching controllers is also [19].

The ideaof driving the systemthrough a sequenceof equilibrium points until
a desired equilibrium point is reached was employed in [20]. In this work, the
switch betweendi erent cortrollers always occurs at an equilibrium point. The
authors also assumethat the region of attraction of ead controller is known so
there is no needfor Lyapunov functions to prove the stability.

The paper is organized as follows. We start with a motivating example and
intro duce some notions for stability analysis on manifolds. We next formulate
three propositions that give su cien t conditions for the stability of a switching
controller. The propositions are progressiwely lessabstract and leadto a practical
synthesis methodology. We then apply the methodology to solve the problem of
stabilization for the classicalshimmying wheel. We demonstrate the behavior of
the cortroller with somesimulation results and concludethe paper with a brief
discussion.

2 Preliminaries

To motivate the theoretical developmen we start with an example. The system
that we study is the classical shimmying wheel [21, 22]. A schematic of the
shimmying wheelis shovn in Fig. 1. A rigid link with a wheelis attached to a
hinge joint, which is in turn connectedto a rigid object through a sliding joint



betweentwo springs (Fig. 1). The cortrol input is the torque at the hinge joint.

The object moveswith a constart velocity v in the direction perpendicular to
the axis of the sliding joint. The shimmying wheel can be seenas a simpli ed

model of an aircraft nosewheel or a motorcycle front wheel, with the springs
modeling the complianceof the wheeland the wheelattachmernt [22]. It canalso
sere as a model of a vehicle towing a trailer, with the springs abstracting the
compliancein the kingpin.
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Fig. 1. A top view and a side view of a shimmying wheel.

The goal of cortrol is to stabilize the wheel so that the bar is aligned with
the direction of v (perpendicular to the sliding axis) and the slider is in the
neutral position betweenthe two springs (the forcesof the springs are equal in
magnitude and of the opposite sign). This task is complicated by the fact that
the system can operate in two regimes:the wheel can either roll without sliding
or it can slip. The slipping regime is undesirable, but often unavoidable. The
system will switch betweenrolling and sliding depending on the magnitude of
the contact force betweenthe wheel and the ground: the wheel will slip if the
forcein rolling would be greater than the friction force. If we assumea feedbadk
control law for the torque about the hinge joint, the corntact force is completely
determined by the state of the systemand the state spacegets divided into two
regions separatedby a switching surface on which the contact force equalsthe
friction force. In eadh of the regionsthe equations of motion are di erent. It is
therefore unlikely that a single cortroller could stabilize the systemand even if
oneexistsit is not clear how to designit.

A controller that is designedwithout taking the hybrid nature of the dy-
namics into accourt can produce undesiredresults. It is for example possibleto
design a stable cortroller that linearizesthe shimmying wheel dynamics if the
wheelis rolling. Figure 2(a) shows that this cortroller e cien tly stabilizes the



system. However, if the samecortroller is usedwhile the wheelis sliding, it can
destabilizethe system as can be seenin Fig. 2(b). This example shows that a
more comprehensie approach to design of cortrollers for systemswith hybrid
dynamics is needed.
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Fig. 2. A linearizing cortroller applied in rolling (a) and sliding (b).

2.1 Stabilit y theory on manifolds
We are interested in stabilizing submanifolds (possibly unbounded). Conven-

tional Lyapunov theory can not be directly applied to this setting, so we need
to introduce someadditional concepts(see[23)).

De nition 1. A distance betweena point x and asetE  R" is de ned by:
(x; E) = inf d(x;y) 1)
y2E
A ball with radius R around E isthe setB(E;R) = fxj (x;E) < Rg.
De nition 2. A smooth manifold E M is locally stableif for any R > 0 there
existr > 0 such that if (x(tp);E) < r then (x(t);E) < R for every t > to. If,

in addition, limy;  (x(t); E) = 0, then we say that E is locally asymptotically
stable



De nition 3. A submanifold E M s locally attractive if there exists R > 0
such that if (x(tp);E) < R then limy;  (X(t);E) = 0. We also say that
tra jectories starting inside B (E; R) convemgeto E.

Theorem 4 [24, 25]. If for a control system there existsa C! function V :
M ! R, suchthat:

(1) V(x) OandV(x)=0, x2E;

(2) there exists a monotonically increasing function :IR" ! R", (0) = 0,
suchthat ( (x;E)) < V(x);
(3) there exists a monotonically increasing function :IR* ! IR, (0) = 0,

suchthat V(x) < ( (x;E));
(4) L(x) 0, wher \L is the derivative of V along the trajectories of ;

then the manifold E is locally stable.If in addition:

(5) there exists a monotonically increasing function :IR" ! R, (0) = 0,
suchthat \.(x) ( (X;E)) <0,

then E is locally asymptotically stable.

2.2 Mo deling

In this section we describe the setting which will be usedto formally describe
systemswhose dynamics change. Suppose we have a dynamical system and
a collection of (di eren tiable, connected) manifolds M = fMq;My;:::;My0.
The manifolds need not be disjoint, they can be a subset of eat other and
in somecasesit it will be even conveniert to take some of them to be equal.
This collection of manifolds must re ect the changing dynamics, but additional
manifolds canbe de ned for the purposesof a particular application. An example
of a collection of manifolds is showvn in Fig. 3(a). On ead manifold, the system
is described with a set of equations:

xi = fi(Xi;uist); 2)

wherex; is the state of the systemand u; is the vector of inputs for the system

ewlving on the submanifold M. In general,f;'s canbedi erent to re ect changes

in the dynamics of the system. Also the dimensionsof the manifolds might be

di erent. For example, in the caseof the shimmying wheel, the manifolds M,

and M, would correspond to sliding and rolling, respectively, where M is the

whole spaceand M is the subspaceon which the rolling constraint is satis ed.
We will assumethat on ead manifold M; we designa controller g;:

ui = Gi(Xi;t); 3)

The reasonof allowing some manifolds in the collection M to be the sameis
that we may wish to de ne di erent cortrollers on the samephysical space.Let
En M, bea manifold to which we wish to steerthe system . The problem
that we addressin this paper is how to designthe cortrollers g; and a rule for



M, M,

M,

Fig. 3. (a) A sequenceof embedded manifolds; (b) the corresponding graph.

switching amongthem (a switching scheme)that stabilizesthe systemto E (if
possibleglobally). This task is complicated by the fact that, in general, we do
not know the sequenceof the manifolds that the dynamical systemwill traverse.
Take for example the shimmying wheel. If the systemis rolling, the controller
action might causethe wheelto slip, but it is conceiable that within a certain
region such switching doesnot happen. And it is of coursealways possiblethat
a disturbance (for example a slippery patch) causesthe rolling wheelto slip.

The topology of a system ewolving on a collection of manifolds can be de-
scribedwith a graph. The verticesof the graph correspond to di erent manifolds.
There will be an edgefrom a manifold M; to a manifold M; if it is possibleto
switch from M; to M; (there exists a tra jectory that passesfrom M; to M;). For
example, if we assumethat a nonempty intersection of two manifolds implies
that it is possibleto passbetweenthe manifolds, the graph for the systemin
Fig. 3(a) would be Fig. 3(b).

3 Sucien t conditions for stabilit y

Take a cortrol system  ewlving on the collection of manifolds M . Assume
that on eadh manifold M;, we have a cortroller g, (i.e., ui = gi(x;t)). Let the
controller g, stabilize the manifold E, (i.e., the target manifold). Assume we
can construct a Lyapunov function V,, which satis es the conditions (1)-(5) of
Theorem 4. Let

6 ) 7 S(x ) (4)

denotethe switching scheme.In other words, the function S selectsthe cortroller
to be used,depending on the state x, and the controller that is currently used, .
Clearly, S(x; ) = i implies x 2 Mj, sinceg; is only de ned on M;. The following
proposition givessu cien t conditions for E,, to be globally attractiv e:

Prop osition 5. Let the switching schemeS satisfy the following conditions:



1. There existsL > 0 suchthat S(x; n) = n for everyx 2 B(En;L)\ M.

2. For any trajectory x(t) there existsa > 0 and an in nite sequene ftig
whoseelementssatisfy:
(a) for everyt 2 [ti;ti + ], S(x(t); (1)) = n;
(b) V(ti+ ) V(ti+).

Then the submanifold E,, is glokally attractive.

Fig. 4. Values of the Lyapunov function and a sequencesatisfying condition 2(b) of
Proposition 5.

Remark: Condition (1) guaranteesthat there is a region around E, in which
it is not possibleto switch from g, to some other controller g;. That is, we
assumethat the corntroller g, can capture and stabilize in someregion around
E.. Condition (2) states that regardlessof the current state, the system will
evertually come under the control of g, and stay under the control of g, for
at least time . Furthermore, we can nd a sequenceof time subintervals of
length at least sothat the Lyapunov function restricted to the union of these
intervals is monotonically decreasing.

Proof. Let ftyg be a sequencegiven by condition (2). Sincethe Lyapunov func-
tion V is monotonically decreasingwhen the system ewlveson M, condition
2(b) implies that ti+.1 . Now take In = [ ,,N[tk;tk + ] and con-
sider the system ewlving on |,. By assumption, V satis es the conditions of
Theorem 4, sowe can nd monotonically increasingfunctions , and sud
that ( (X En)) < V(X) < ( (X;En)) and \L(x) ( (X;En)) < 0. Let
r= (X(to);En) andlet be an arbitrary number such that 0< < r. Then we
can nd > Osucthat ()< (). Let K beanintegersud that K > (E))




and take = tx + . Supposethat (x(t);En) > foreweryt2 I,\ [to; ]
Then we have:

Z .
0< () V() =V(x(tk)) + VL(x(t)) dt
Z ., h Z s
V(x(tk )) t ( (x(t);En))dt  V(x(tk)) t ()dt
= V(x(tk ) () Vx(tk 1) () o
Vix(te)) K () () K ()<0 5)

This is a cortradiction, implying that there exists © 2 I, \ [to; ] sudh that
(x( 9;En) < . But then for every t 2 I, such that t > ©

( X(;Ea)  VX®) Vvx() ()< ()
which implies:
(x(t);En) < 8t> %t21,
This shawvsthat (x(t);E,) cornvergesto Oon I,.

Since (x(t);En) corvergesto 0 on |, there exists T > 0 such that for all
t>T;t21,, (X(t);En) < L. But by assumption, for x 2 B(E,;L)\ M, the
systemcan not switch from M, to someM;, j 6 i, which meansthat the system
will stay under the cortrol of g, for all t > T and therefore convergeto E,.

While the lemma provides su cien t conditions for convergenceof the sys-
tem trajectoriesto E,, these conditions are di cult to ched and therefore not
suitable for controller design. It is particularly dicult to ched condition (2).
We therefore provide two additional tests that are lessgeneral,but are easierto

apply.

tem ewolves,and let A = f1;2;:::;ng be the index set. The switching schemeS
de nes a relation Switch(A), if we put Switch(i; j) whenit is possibleto switch
from the manifold M; (controller g;) to the manifold M; (controller g;). More
formally:

Switch(A) = f(i;j)j9x 2 M; s.t. S(x;i)=1jg (6)
Note that the graph represering this relation is precisely the graph described
in Section 2.2. We can then show:

Prop osition 6. Let  be a partial order within the transitive closure of the
relation Switch(A) which hasthe smallest element, and let this smallest element
ke n. Assumethat the switching schemeS has the following properties:

1. There existsL > 0 suchthat S(x; n) = n for everyx 2 B(En;L)\ Mj.

2. If x(t) is atrajectory of and M;j, i 6 n is a manifold on which x(t) evolves
for an in nite amount of time, then there exists > 0 suchthat for every
T wecan nd > T suchthat S(x(t); (t)) iforeveryt2[; + ]

3. If a systemswitched from g, to someother controller at time t, and if tq,
is the time whenthe systemnext switchesagainto g,, thenV(t, ) V(ton).

Then the submanifold E,, is glokally attractive.



Remark: The rst condition is the sameasin Proposition 5, while conditions
(2) and (3) together replace condition (2) there. Condition (2) says that for any
manifold M; on which a trajectory stays for an in nite amount of time, we can
nd a switch at an arbitrary large time to a manifold that lies lower in the
hierarchy implied by  and that after such switch the system ewolves on the
manifolds that are below M; for at least

Proof. We will show that conditions (2) and (3) imply condition (2) of Propo-
sition 5. Let x(t) be a trajectory of and let M; be a manifold on which x(t)
ewlvesfor an in nite amount of time. Sincewe have a nite number of mani-
folds, there will be at least one such i. The condition (2) guaranteesthat there
will be anin nite number of instanceswhen the systemewolvesfor at least on
manifolds that are below M; in the hierarchy de ned by . But this implies that
x(t) will ewolve on thesemanifolds for an in nite amount of time and sincethere
areonly nitely many manifolds below M;, there must exist a manifold M; with
j i onwhich x(t) ewlvesfor anin nite amount of time. By proceedingrecur-
sively and becausen is the smallestelemen for , we concludethat the system
must ewolveon M, for anin nite  amount of time and in instancesthat last for at
least . Condition (3) guaranteesthat ead time the systemswitchesto g,, the
value of the Lyapunov function is smaller than when the system last switched
0 Myj. The existenceof the sequenceft;g in condition (2) of Proposition 5 is
therefore guaranteed.

Using Proposition 6 we can design a stable switching schemeby choosing a
partial order, deweloping cortrollers on eadh M; that guarantee a switch to a
lower level with respect to this partial order, and enforcing decreasingof V at
switchesto M. However, developing cortrollers that guarantee a switch to a
lower level is still not an easytask. One possiblestrategy is to make eath con-
troller stabilize a certain manifold within aregionfrom which the systemswitches
to manifolds lower in the hierarchy. This special caseis important enough that
we state a separatepropaosition.

Prop osition 7. Assume a partial order on A that has the smallest element
which is equalto n. Let each controller g asymptotically stabilize a manifold E;
and assumewe can nd a Lyapunov function V; for g;. Let the switching scheme
S satisfy the following conditions:

1. For eachi, there existsL; > 0 suchthat S(x;i) i for everyx 2 B(E;;L;j)\
M; (for i = n werequire S(x;n) = n).

2. There exists > 0, suchthat if a systemswitchesfrom g; to someg;, j i
at time T, then S(x(t); (t)) i foreacht2 [T;T+ .

3. If the systemswitchesfrom g; to someg;, i j, at time t, and after that
switchesagain to g at time to, and if S(x(t); (t)) 6 i for all t 2 [to ;ton],
then Vi(to )  Vi(ton).

Then the submanifold E,, is glokally attractive.



Remark: For i = n conditions (1) and (3) above clearly becomethe sameas
conditions (1) and (3) in Proposition 6. Note that the Proposition suggeststhat
we canexaminethe stabilit y of the systemby simply examining relations between
neighbors de ned by the switching scheme. This hasimportant implications for
the synthesis problem and can be explored to obtain modularity of the design
process.

Proof. We will show that the above conditions imply conditions of the Proposi-
tion 6. Assumethat a trajectory x(t) ewlveson a manifold M; for an in nite
amount of time, but after sometime T it never switchesto any manifold M;
suchthat j i.Letl; =ft> T jS(x(t); (t) = ig, the union of the intervals
beyond T during which the system ewlveson M;. By condition (3), V; will be
monotonically decreasingon I; and by condition (2), we can nd aninnite se-
quenceof (disjoint) intervals of length  that lie in |;. By the samereasoning
that we usedin the proof of Proposition 5 to shov corvergenceto E,, we can
show that x(t) corvergesto E;. By condition (1) this implies that the system
will switch to someM;, j i, which is a contradiction. This and condition (2)
above therefore imply condition (2) of Proposition 6.

The last proposition is a corveniert tool for designingstable switching cortrol
schemes.The algorithm for cortroller designcan be roughly described as:

{ Choosea partial order on A (decide on the hierarchy amongM;'s).

{ Designa cortroller on eah M; that stabilizes a manifold E;.

{ Choosea neighborhood U; of E; and de ne a switching scheme so that for
x 2 Ui, S(x;i) .

Clearly, this basic algorithm hasto be re ned to guarantee that the conditions
(2) and (3) above are satis ed.

There is animportant casein which condition (2) canbe satis ed fairly easily.
Supposewe want to switch from M; to M, j i If f5(x; g (x)) in Eqg. (2) is
boundedforall x 2 U M;j, whereU is a neighborhood that cortains the region
to which the system switches,then all we needto do is make the system switch
in such a way that after the switch to M; we are some(xed) nite distance
away from any point x in U for whichj  S(x;j). Becauseof the boundedrate
of change of the state, this implies that the switch will occur after some nite
time interval.

It is dicult to directly design cortrollers that would satisfy condition (3).
An alternativ e is to combine seeral cortrollers, ead of which partly satis es
the condition, into a single cortroller. Supposewe would like to allow switches
from M; to M;, j i. To satisfy condition (3), we needto have a cortroller g;
that is able to decreasethe Lyapunov function V;. Controller g; stabilizes E;,
and we also know that the cortroller g; decreaseshe Lyapunov function V;. If
E; is the equilibrium manifold for the systemcortrolled by g;, we can construct
a new cortroller, ¢ that behavesas g away from E; and as g; closeto E;. A
possibleexpressionfor ¢ would be:

6(x)= (1 cie @AxED)g(x) + cre @ IXE g (x) @)



where c; and ¢, are appropriate constarts.

Propositions 5-7 provide su cien t conditions for E,, to be attractiv e, not
to be stable. To prove the stability we have to show that trajectories starting
outside M, \nicely" cornvergeto M,. One possibleway of stating this is:

Corollary 8. The manifold E,, will be stableif in addition to the conditions of
Proposition 5:

(3) For any R > 0 and everyi, there existsr > 0 suchthat if x(tp) 2 (MjnMu)\
B(En;r) then under the control of g;, x(t) 2 B(En;R) for everyt > tg.

Proof. The Lyapunov function V guaranteesthat for any R, > 0, there ex-
ists r, > 0 such that x(tg) 2 M, \ B(E2;r2) implies x(t) 2 B(Eh;R2) as
long as x(t) staysin M. Take R, = minfR;Lg and nd the corresponding r».
Take R; = minfR;r,g. By assumption, there exists r; sudc that x(t) stays in
B (En; R1) for any trajectory starting in B(En;r1) nM,, and ewlving in M;. By
condition (1) of Proposition 5 and by the choice of Ry, x(t) will intersect M,
insideB(En;r2)\ M. But atrajectory on M, that comesinside B(E;r2)\ My,
will stay inside B(En;L)\ My and thus remain under the cortrol of g, (and
stay inside B(E,; R)) for all later times.

We note that this proof is similar to the proof of Theorem 4 in [17].

Remark If we assumethe scenarioof Proposition 7 and for every i, E; En,
the condition of the Corollary will be trivially true.

4 Example

The above results provide a framework for designinghybrid cortrol schemes.In
this section we apply the methodology to stabilization of the shimmying wheel
(Fig. 1). Dynamic equations of the systemare of the form:

2 3 2 . 2 3
y ky + 5(my + 2m5) 2sin 0

H4°*5+4 0 5=ATF +4yu5 (8)
* 0 0

whereH is the inertia matrix, F = fF4;Fyg" is the reaction force of the ground
on the wheel, and A is the matrix that relates the relative velocity v, between
the wheel and the ground at the contact point to the rate of change of the
generalizedcoordinates. The system has 6 states: 3 generalizedcoordinates and
3 generalizedvelocities.

When the wheelis sliding, we have the following expressionfor the reaction

force F = Fs:
Vr
= . +
Fs d I(Vrk(ml

ma

g ©



where 4 is the coe cien t of (dynamic) friction and g is the gravity constart.
When the wheelis rolling, we have an additional constraint;

vy =0 (10)

In this case,the force F = F. is the constraint force that preverts slippage of
the wheeland it can be eliminated from Eq. (8) using Eq. (10) [21, 22]. Equation
(10) represerts two constraint equations, sothe dimension of the systemin pure
rolling dropsto 4. The analysisof the systemcan be simpli ed by observingthat

doesnot occur in the dynamic equations. It is therefore a cyclic variable and
we can limit our study to the dynamics of y and . In the formalism of Section
2, the reducedsystemthus ewvolveson manifolds M and M, of dimension4 and
3, respectively, where M; = R* and M, is de ned by Eq. (10) [21, 22].

The goal of the control is to stabilize the wheelto the statey = 0, = 0.To
this end, we intro duce an additional region, M 3, but we put M3 = M. In other
words, we usetwo di erent cortrollers in the rolling regime. Note that nothing
in the dewveloped theory prohibits the submanifoldsto be equal. Stabilization is
therefore achieved with three cortrollers: a cortroller g; for the systemin sliding
regime (de ned on M;) and cortrollers g, and gz for the systemin the rolling
mode (de ned on M,). The ideais to steerthe systemwith the cortrollers g; and
02 to astate = 0,y 6 0, from which we can stabilize the systemto a desired
point with the controller gs. Note that the wheel might start sliding again once
under the control of gs.

Todesigna cortroller for the systemewlving on M 1, welinearize the dynamic
responsefor . It canbe showvn that with this controller the dynamics for y and

are also (asymptotically) stable. The cortroller stabilizesthe line segmett:

. mj; + 2m
Ei= (y:0;0,0) Jyj -4t 2ma)g

2k
The cortroller g, (only de ned on M, whenthe wheelis rolling) canbedesigned
similarly to g; after the constraint force is eliminated from dynamic equations
using Eq. (10). The attractiv e manifold for this cortroller is a line:

Ex=(y; ;¥:9 = (y;0;0;0)

The cortroller g; can be derived by observing that instead of the dynamics for

, we can linearize the dynamics for y. Further analysis shows that with this
controller, the dynamicsfor and are stable, so the system corvergesto the
desired point, E3 = (0;0;0;0). It is alsonot di cult to construct the Lyapunov
functions V, and V3 for the cortrollers g, and gs.

Next, we have to de ne a partial order and designthe switching schemes.
We rst obsene that there is a natural partial order already de ned on M =
fM1;M2;M3g and it is given by inclusion: M; M,  Mj. The partial order
in this casethus becomesa total order and the application of Proposition 7 is
therefore particularly straight forward.



The switching schemeS; is quite simple:

Sy 2 X2Mz M kFck  5(myg+ 2mg)g
SIG )= 1 otherwise

The cortroller g; has a singularity at = 5, but on these two hyperplanes
the constraint force is unbounded and they do not intersect (the closureof) M.
The switching schemeS; is de ned in the following way:

8
33 =27 x2B(ExRn) * Va(x) V&' 2

S0 )= N kFck 2 (my+ 2ma)g

2% 7738 =37 x2B(E3Rou)

* 2 otherwise

where Rin < Rout < 5 (this guaranteesthat B (Es; Rout) doesnot intersect the
hyperplanes = ), and V3" 2 isthe value of V3 whenthe systemlast switched
from the controller gz to the cortroller g,. Again, we avoid the hyperplanes

= 5 becausegs becomessingular there. Observe that the switching scheme
explicitly encalescondition (3) of Proposition 7.

The next step would be to chedk that the conditions of the Proposition 7
are satis ed. Sincewe have a total order on M , it suces to show that g; and
0. stabilize E,, and that g, and g; stabilize E3. In the interest of keepingthe
preseration short the proofswill be omitted, but wereferthe interestedreaderto
[26] for details. We only mertion that in order to guarantee that the controller
g2 can arbitrarily decreasethe Lyapunov function V3 so that the system can
switch to gz, we usethe technique described in Eq. (7).

4.1 Simulation results

A typical simulation run of the system cortrolled with the derived cortrollers
is shown in Fig. 5. The system starts in the sliding regime with the controller
o1 active. At 0:9s the wheel stops sliding and the cortroller g, takes over. At
1:14s the system switches again, this time to the controller g; that stabilizes
the systemto the desiredstate. The switchesbetweendi erent controllers cause
discortin uities of the input, asFig. 5(b). shows. It can be seenin Fig. 5(a) that
while the cortrollers g; and g, are active, is the cortrolled variable and it
decreasedo 0. When the controller gz becomesactive, the controlled variable
becomesy (soit decreaseso 0) andj j initially increasesAfter y becomessmall,
j j alsodecreasego 0.

The next gure illustrates that the modi ed cortroller ¢, decreaseshe Lya-
punov function V3. Variablesy and are shown in Fig. 6(a), while the Lyapunov
functions V, and V3 are shown in Fig. 6(b). The system starts in the rolling
regime with the cortroller gz active, however during the rst 0:1sit switches
rst to the cortroller g, and then to the sliding regime and the cortroller g;
(these switchesare not shown). At the switch from g3 to g, the value of the Lya-
punov function V3 is 2634. To show that the cortroller can arbitrary decrease
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Fig. 5. A typical simulation run.

V3, we modi ed the switching schemeS, sothat the value of the Lyapunov func-

tion V3 at the switch from g, to g3 hasto be half the value of the function at

the switch from g3 to g,. In our case,the function V3 therefore hasto decrease
to 1317 in order to switch to the controller gs. At the time 0:38s, the system

switchesfrom sliding to rolling and to the cortroller g,. The cortroller decreases
the Lyapunov function until it reachesthe desiredvalue at the time 1:30swhen

the systemswitchesto the controller gs and the systemis stabilized. Figure 6(a)

also shaws that the cortroller g, doesnot drive to O but to someo set value

that guaranteesthe decreasingof V3.

5 Conclusion

We investigated the problem of stabilizing a system with changing dynamics
with a sequenceof controllers. We studied the casewhen the system ewlves
on a sequenceof embedded manifolds and derived su cien t conditions under
which the switching scheme employing di erent cortrollers can be guaranteed
to stabilize the systemto the desired manifold. These su cien t conditions give
direct guidancefor the designof appropriate cortrollers. The results wereapplied
to the stabilization of the shimmying wheel. We were able to designa switching
schemethat provably stabilizes this system.

The described work can be extendedin seweral directions. We plan to consider
more general stabilization problems such as cortrol of a walking robot. In this
case,the systemhasto be stabilized to a periodic orbit that traversesdi erent
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regionsrather than an equilibrium manifold within a singleregion. An important
questionis alsohow to designthe individual cortrollers. For medanical systems,
the energy-momertium method o ers someinteresting possibilities.
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