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Abstract

The set of rigid body motions forms the Lie group SE(3), the special Euclidean group
in three dimensions. In this paper we investigate Riemannian metrics and affine connections
on SE(3) that are suited for kinematic analysis and robot trajectory planning. In the first
part of the paper, we study metrics whose geodesics are screw motions. We prove that
no Riemannian metric can have such geodesics and we show that metrics whose geodesics
are screw motions form a two-parameter family of semi-Riemannian metrics. In the second
part of the paper we investigate affine connections which through the covariant derivative
give the expression for the acceleration of a rigid body that agrees with the expression used
in kinematics. We prove that there is a unique symmetric connection with this property.
Further, we show that there is a family of Riemannian metrics that are compatible with such
a connection. These metrics are products of the bi-invariant metric on the group of rotations
and a positive definite constant metric on the group of translations.

1 Introduction

The configuration space plays a central role in design, analysis, and control of robot mechanisms.
In many applications the focus is on the robot end-effector and its configuration space. Formally,
this space consists of all possible displacements of the end-effector and is known as the special
Euclidean group, SE(3). This group admits the structure of a differentiable manifold and is
therefore a Lie group [4, 5]. The tangent space of SE(3) at the identity endowed with the Lie
bracket operation has the structure of a Lie algebra and is denoted by se(3). The Lie algebra
se(3) is isomorphic to the set of twists [9].

It is customary to consider the configuration space to be a subset of a Euclidean space.
However, this often complicates the geometric analysis since the results may depend on the
way the configuration space is parameterized (embedded in the Euclidean space). Alternatively,
the intrinsic geometric properties of the configuration space can be studied abstractly using
differential geometry. In this case, many notions that are well defined in a Euclidean space have
to be properly generalized to SE(3).

In this paper we focus on how to differentiate vectors on SE(3) and measure their length.
In the language of differential geometry, we study affine connections and Riemannian metrics
on the group SE(3). We are primarily motivated by applications in motion planning, but the
results are also applicable to control and design of robots.

A Riemannian metric is everywhere positive definite and it provides a notion of length of
curves on the manifold. In contrast, a metric which is non-degenerate but indefinite is called a
semi-Riemannian metric [1] and in this case it is more appropriate to speak about the energy of a
curve. Curves that minimize the energy between two given points are of particular interest. Such



curves are called geodesics and can be considered a generalization of straight lines in Euclidean
space R™ to Riemannian manifolds.

Screw motions have been often used in robotics for trajectory planning [12, 15, 16]. Since
Chasles’s theorem guarantees the existence of a screw motion between any two points on SE(3),
a natural question to ask is whether there exists a metric for which every geodesic is a screw
motion. The first important result of this paper is that there is no Riemannian metric with such
a property. We further prove that all metrics which have screw motions as geodesics belong to
a two-parameter family of semi-Riemannian metrics.

Instead of endowing SE(3) with a metrical structure, we can give it a weaker structure
by defining an affine connection. An affine connection leads to the definition of the covariant
derivative of a vector field along a general curve. In the context of kinematics, the motion of
a rigid body is a curve on SE(3) and the velocity at any point is the tangent vector to the
curve at that point. We need the definition of a covariant derivative before we can talk about
the acceleration of the rigid body. The second key result of the paper concerns a connection
that through the covariant derivative of the velocity yields the acceleration used in kinematics'.
We derive the family of connections having this property. Further, we show that among these
there is a unique symmetric connection. Finally, we prove that this symmetric connection is
compatible with a family of Riemannian metrics that are products of a bi-invariant metric on
the group of rotations and a positive definite constant metric on the group of translations.

The paper is organized as follows. In Section 2, we briefly review some basics of differential
geometry and Lie groups needed for the rest of the paper. A reader familiar with differential
geometry can skip this section. In Section 3, we discuss Chasles’s theorem, screw motions
and screw displacements. We then prove the first main result of this paper, Theorem 3.5,
which identifies metrics for which screw motions are geodesics. In Section 4, we study affine
connections that yield the acceleration used in rigid body kinematics. By requiring symmetry
of the connection, we show in Proposition 4.1 that such a connection is unique. The second key
result of the paper, Theorem 4.7, identifies the family of Riemannian metrics that are compatible
with this connection.

2 Kinematics and differential geometry

2.1 The Lie group SE(3)

Consider a rigid body moving in free space. Assume any inertial reference frame F fixed in
space and a frame M fixed to the body at point O’ as shown in Figure 1. At each instance, the
configuration (position and orientation) of the rigid body can be described by a homogeneous
transformation matrix, A, corresponding to the displacement from frame F' to frame M. The set
of all such matrices forms the Lie group SE(3), the special Euclidean group in three-dimensions:

SE(3) = {A | A= l ](‘;' f ] ,RER¥3 de R RTR = I,det(R) = 1}.

On a Lie group, the tangent space at the identity has the structure of a Lie algebra. The
Lie algebra of SE(3), denoted by se(3), is given by:

se(3) = {l g 8 ] Qe R ye R QT :—Q}. (1)

' This notion will be made precise in Section 4.1



Figure 1: The inertial (fixed) frame and the moving frame attached to the rigid body

A 3 x 3 skew-symmetric matrix © can be uniquely identified with a vector w € R® [9]. Each
element S € se(3) can be thus identified with a vector pair {w,v}.

Given a curve A(t) : [—a,a] — SE(3), an element S(¢) of the Lie algebra se(3) can be
associated to the tangent vector A(t) at an arbitrary point ¢ by:

S(t) = AL A(¢). (2)

A curve on SE(3) physically represents a motion of the rigid body. If {w(t),v(¢)} is the vector
pair corresponding to S(¢), then w physically corresponds to the angular velocity of the rigid
body while v is the linear velocity of the origin O’ of the frame M, both expressed in the frame
M. In kinematics, elements of this form are called twists [8] and se(3) is thus isomorphic to the
space of twists.

Since se(3) is a vector space, we can choose a basis and identify any element with a 6 x 1
vector. The standard basis for se(3) is:

00 0 0 001 0 0-10 0
0 0-1 0 00 00 1 0 0 0
Li=1o 1 0 o La=14 9 0 o Ls=10 0 0 0
0 0 0 0 |0 0 0 0 0 0 0 0
[0 0 0 1] 0 0 0 0] [0 0 0 0]
00 0 0 0 0 0 1 00 00
Li=19 0 0 0 =10 000] ™=|0 o0 01
0 0 0 0 [0 0 0 0 [0 0 0 0

The twists L1, Ly and L3 represent instantaneous rotations about and L4, Ls and Lg instan-
taneous translations along the Cartesian axes z, y and z, respectively. In this basis, the vector
corresponding to a twist S € se(3) is given precisely by the velocity pair {w,v}.
Given two elements S1, S € se(3), we can define another element [S1, S2] € se(3) called the
Lie Bracket by:
[S1, S2] = 5152 — S251.

Since the Lie bracket belongs to se(3), it can be expressed as a linear combination of the basis
vectors. The coefficients C’fj corresponding to the Lie brackets of the basis vectors are called
structure constants of the Lie algebra [13]:

[Li, Lj] = ) Cf L. (3)
k

3



For se(3), the nonzero structure constants are:

012 = 031 023 015 = 026 034 = 042 C§3 = 0651 =1
021 = 013 = 032 = C'51 = 062 043 = 024 = 035 = 016 =-1

2.2 Left invariant vector fields and exponential mapping

A differentiable vector field is a smooth assignment of a tangent vector to each element of the
manifold. An example of a differentiable vector field, X, on SE(3) is obtained by left translation
of an element S € se(3). The value of this vector field at an arbitrary point A € SE(3) is given
by:

X(4) = 45, ()

and the vector field is called a left invariant vector field. To denote that a left invariant vector
field was obtained by left translating the Lie algebra element S, we will also use the notation S.
By construction, the space of left invariant vector fields is isomorphic to the Lie algebra se(3)
[2]. In particular:

[Li,Lj] = [Li, L] = 3 CELy. (5)
k

__ Since the vectors Ly, Lo, ..., Lg are a basis for the Lie algebra se(3), the vectors Li(A),...,
Lg(A) form a basis of the tangent space at any point A € SE(3). Therefore, any vector field X
can be expressed as

X =Y X'L, (6)

where the coefficients X* vary over the manifold. If the coefficients are constants, then X is left
invariant. By defining:

w=[XLX% X, 0= [X4 X0 X

we can associate a vector pair of functions {w, v} to an arbitrary vector field X. If a curve
A(t) describes a motion of the rigid body and V' = dt is the vector field tangent to A(t), the
vector pair {w,v} associated with V' corresponds to the instantaneous twist (screw axis) for the
motion. In general, the twist {w,v} changes with time. Motions for which the twist {w,v} is
constant are known in kinematics as screw motions. If the vector pair {w,v} is interpreted as
Pliicker coordinates of a line in space, it is not difficult to see that the screw motion physically
corresponds to rotation of the rigid body around this line with a constant angular velocity and
concurrent translation of the body along the line with a constant translational velocity.

On SE(3), one can define the exponential map exp : se(3) — SE(3) using the standard
matrix exponential [9]. This map relates the screw motion A(t) and the corresponding twist S:

exp(tS) = A(t). (7)

2.3 Riemannian metrics on Lie groups

If a smoothly varying, positive definite, bilinear, symmetric form < .,. > is defined on the
tangent space at each point on the manifold, such a form is called a Riemannian metric and
the manifold is Riemannian? [2]. If the form is non-degenerate but indefinite, it is called a

2Under very mild assumptions a differentiable manifold always admits a Riemannian metric.



semi-Riemannian metric[1]. On a n dimensional manifold, the metric is locally characterized by
a n X n matrix of C* functions g;; =< Xj;, X; > where X; are basis vector fields.

On a Lie group, an inner product on the Lie algebra (given in a chosen basis by a positive
definite symmetric matrix W) can be extended to a Riemannian metric over the manifold using
left (or right) translation. If Vi and V, are tangent vectors at an arbitrary group element
A € SE(3), the inner product < Vi, V5 >|, in the tangent space T4SE(3) can be defined by:

<Vi,Va>|, = <A Vi, AV >|1' (8)

The metric obtained in such a way is said to be left invariant [2] since left translation by any
element A is an isometry.

2.4 Affine connection and covariant derivative

The motion of a rigid body can be represented by a curve on SE(3). The velocity at an arbitrary
point is the tangent vector to the curve at that point. In order to obtain the acceleration we
need to be able to differentiate a vector field along the curve. A derivative of a vector field
along a curve A(t) is defined using the concept of parallel transport. Let X be a vector field
defined along A(t), and let X (t) stand for X (A(t)). Denote by X% (¢) the parallel transport of
the vector X (t) to the point A(ty). The covariant derivative of X along A(t) is:

DX Xto(t) — X (¢t
DX | _ jp X200 = X(bo) (9)
dt [, toto t
By taking covariant derivatives along integral curves of a vector field Y, we obtain a covariant
derivative of the vector field X with respect to the vector field Y. This derivative is also denoted
by Vy X:
DX

VyX|y, = at |,
0

(10)
and the operator V is called the affine connection.

The covariant derivative of a vector field is another vector field so it can be expressed as a
linear combination of the basis vector fields. The coefficients F;?Z- of the covariant derivative of a
basis vector field along another basis vector field,

Vi L= ThLs, (11)
k

are called Christoffel symbols®. Note the reversed order of the indices i and j.
The velocity, V(t), of the rigid body describing the motion A(t) is given by the tangent
vector field along the curve:

dA(t)
t) = =2,
V() =—,
The acceleration, A(t), is the covariant derivative of the velocity along the curve
D /dA
=_ (=) = V. 12
A=a ( dt ) Vv (12)

Note that the acceleration depends on the choice of the connection.

3Different definitions for the Christoffel symbols can be found in the literature. Some texts (e.g. [2]) reserve
the term for the case of the coordinate basis vectors. We follow the more general definition from [14] in which the
basis vectors can be arbitrary.



Given a Riemannian manifold, there exists a unique connection [2] which is compatible with
the metric:
X <Y, Z>=<VxY,Z>+<Y,VxZ>* (13)

and symmetric:

VxY - Vy X = [X,Y]. (14)

This connection is called the Levi-Civita or Riemannian connection.

2.5 Geodesics

Given a Riemannian metric < .,. > on SE(3) we can define the length, L(A), of a smooth curve
A :fa,b] = SE(3) by:
b dA dA 1
L(4) = / A AA S5 15
( ) o < dt ? dt >2 ( )
Among all the curves connecting two points, we are usually interested in the curve of minimal
length. It is not difficult to see [2] that a curve of minimal length also minimizes the energy
functional:
b dA dA
E(A) = —, — > dt. 16
W= < %> (16)
If a curve minimizes a functional, it must be also a critical point. Critical points of the energy
functional E satisfy the following equation [2]:

Via— =0, (17)

where V is the Riemannian connection, and are called geodesics. According to Equation (12),
the expression V g4 % is the acceleration of motion described by A(t). Motion along a geodesic
dt

therefore produces zero acceleration.

3 Metrics and screw motions

One of the fundamental results in rigid body kinematics [8] was proved by Chasles at the
beginning of the 19th century:

Theorem 3.1 (Chasles) Any rigid body displacement can be realized by a rotation about an
azis combined with a translation parallel to that azis.

Note that a displacement must be understood as an element of SE(3) while a motion is
a curve on SE(3). In Chasles’s theorem, the rotation can be performed at constant angular
velocity and the translation at constant translational velocity. Hence, we conclude that any
rigid body displacement can be realized through a screw motion.

Another family of curves of interest on a Lie group is the set of the one-parameter subgroups.
A curve A(t) is a one-parameter subgroup, if A(t; + t2) = A(t1)A(t2). The one-parameter
subgroups on SE(3) are given by [2]:

A(t) = exp(t S) (18)

“Note that formally, a vector field X is a derivation operator which, given a differentiable function, returns
its derivative along the integral curves of X. The expression X <Y, Z > is therefore a derivative of the function
<Y, Z> along the integral curves of X.



where S is an element of se(3). Comparing with Equation (7), we conclude that the one param-
eter subgroups are exactly the screw motions which pass through the identity. The following
proposition follows from the Lie group structure of SE(3) and is directly related to Theorem
3.1:

Proposition 3.2 If A; and Ay are two distinct elements of SE(3), then:

(1) There ezists a one-parameter subgroup, vr(t) = exp(t SL), which when left translated by
A1 contains Asy:

AL(t) = A1 exp(t SL), A2 = AL(I) = A1 exp(SL).

(2) There ezxists a one-parameter subgroup, Yr(t) = exp(t Sr), which when right translated by
Aj contains As:

AR(t) = exp(t SR)Al, A2 = AR(l) = exp(SR)Al.

(8) AL(t) and Ag(t) are the same screw motion and St in (1) is related to Sg in (2) by:

Sk = AlsLAl_l.

3.1 Screw motions as geodesics

Given that any two elements of SE(3) can be connected with a screw motion, it is natural to
ask whether screw motions are geodesics (minimum energy curves) for any metric. In [11], Park
and Brockett proposed a left invariant Riemannian metric on SE(3) given by:

al 0
wola o) "

where o and 3 are positive scalars. Park [10] showed that the geodesics for this metric are
products of the geodesics for the bi-invariant metric on SO(3) and geodesics in the Euclidean
space IR3. Tt is not difficult to show that a screw motion is a geodesic for the metric (19) if and
only if it is obtained by a left translation of a one-parameter subgroup for which the screw axis
passes through the origin of the inertial frame F. The question now becomes whether there is
a metric for which every screw motion is a geodesic.

Suppose that the screw motions are geodesics. Since a left or a right translation of a screw
motion produces another screw motion (Proposition 3.2), we might be led to conclude that
any metric for which the screw motions are geodesics must be invariant under left and right
translations and therefore bi-invariant. Such reasoning is flawed since a map which preserves
geodesics does not necessarily preserve the metric (is not necessarily an isometry). For example,
affine transformations in R® map lines into lines (that is, they map geodesics into geodesics),
but in general, they do not preserve lengths of vectors. Diffeomorphisms that take geodesics
to geodesics (but make an affine change of parameter) are called affine maps. They are rare,
except for isometries, affine maps on Euclidean spaces, and products of such. They have been
studied in [7, Chapter IV]. We will not limit our search to left or right invariant metrics, nor
will we need the results of [7].



Since the twist associated with a screw motion «y(¢) is constant, the tangent vector field

V = ‘Zz = Vif}i is a left invariant vector field and the components V* are constant. If v solves

Equation (17), we have:

0=VyV = Z L +2_VIVIVE, L= ZVZVJVA j (20)
0] 0]
The above equation is satisfied for an arbitrary screw motion (arbitrary choice of the components
V?) if and only if:
5 L =0 1<i<6,
VAL —I—VAL—O 1<i<j<6.

Since V is a metrical connection, it is symmetric (Equation 14):

v L=

&~
<

—V Li, Lj].

—_—

7, i,

It immediately follows from the above equations that:

~ 1 ~ -~

VfiLj §[L L;]. (21)
(Note that [Ez, iz] = 0.) Further, V must be compatible with the metric (Equation 13), so we
have:

Ek < Ei,f,j >=< kaf’i’f’j >+ < Zi,VEkzj > . (22)
Letting g;; =< E,-, Ej >, the last equation implies:

~

1 S S
L (9i5) = 3 (< [Lk, L), Lj > + < Lj, [Lg, L] >) : (23)

By expressing the Lie brackets from Equation (3), we finally obtain:

~

1
Li(gij) = 5 > (Cligij + Chigu)- (24)
1

Note that the coefficients C’fj are constant over the manifold (Equation 5). The above derivation
can be summarized in the following proposition:

Proposition 3.3 Screw motions satisfy the geodesic equation (17) for a Riemannian metric
gwen by the matriz of coefficients G = [gi;] if and only if the coefficients g;; satisfy Equation

(24).

The metric coefficients g;; are symmetric by definition. Since SE(3) is a 6 dimensional
manifold, there are 21 independent coefficients {g;; | 1 < i < j < 6}. Given that there are 6
basis vector fields, Equation (24) expands to a total of 126 partial differential equations. The
complete set of equations is given in Equation (58) in Appendix A.

The following lemma will be useful in deriving the solution for the system of equations (24):

Lemma 3.4 Given a set of partial differential equations

X(f) = & (25)
Y(f) = 9 (26)
Z(f) = g3 (27)



where X, Y, and Z are vector fields such that Z = [X,Y], f is twice differentiable, and g1, g2
and g3 are differentiable (real valued) functions, the solution exists only if

X(g2) —Y(g1) = gs- (28)

Proof: By applying X on Equation (26), Y on Equation (25) and subtracting the two resulting
equations, we get:

XY(f) =Y X(f) = X(g2) — Y(g1)- (29)
But the left-hand side is by definition [X, Y](f), which is by assumption equal to Z(f). Equation

(28) then follows from Equation (27). -

We next state the first key theorem of this section:

Theorem 3.5 A matriz of coefficients G = [g;;] satisfies the system of partial differential equa-
tions (24) if and only if it has the form
G- [ alzxs Plzxs ]

30
BI3xs  03x3 (30)

where a and B are constants.
Proof: To find the metric coefficients, we start with the following subset of (58):
Li(g11) =0 La(gi1) = —g13 Ls(gn) = gio. (31)

First, we observe that [El, EQ] = Ls. By application of Lemma 3.4, the following equation must
hold:

~

—L1(g913) = 912 (32)

But from (58) we also have:
= 1
Li(g13) = 5912,

which implies that g12 = 0. We next observe that g12 = 0 implies Ei(glg) =0, 1<i<6. From
the system (58) we obtain:
g13=0 g23=0 g1 =92
916 =0 g6 =0 gi1a = gos.

From these equations and (58) we further obtain:

(33)

g15=0 g24=0 g11 =933
93¢ =0 g35=0 g14 =936
34
g1a=0 g15=0 gs46=0 (34)
955 =0 g56 =0 ges =0.
Next observation is that Li(gy1) = 0, 1 < i < 6. This, together with Equations (33) and (34)
implies:
g11 = g22 = g33 = &,
where « is an arbitrary constant. Similarly, we obtain
914 = g25 = 936 = P,
for an arbitrary constant £. In this way we have obtained all 21 independent values of G. The

reader can easily check that the above values satisfy the system of equations (58). O



Corollary 3.6 There is no Riemannian metric whose geodesics are screw motions.

Proof: A matrix of the form

G- alzxs [l3xs
BI3xs 03x3

has two distinct real eigenvalues

A= %(OA—I— Va2 +4p2) X = %(a — /a2 +4p2),

which both have multiplicity 3. For any choice of a and 8, the product of the eigenvalues is
Ay = —32 < 0. Therefore, G is not positive definite as required for a Riemannian metric.

3.2 Geodesics of the family of metrics (30)

Analogous to the Riemannian case, we could define the length of a curve A(t) between two
points A(t1) and A(t2) on SE(3) by:

2 dA dA 1

L(Aity ¢ :/ <222 5. 35
(A1, 22) W St dt (35)
But members of the family (30) are not positive definite, so the length of a curve would be in
general a complex number. It is therefore more useful to define the measure of the energy of a

curve:

t
E(Aity, 1) = / P dd (36)

< RN —
4 dt’ dt
For a metric in the family (30) the energy of a curve can be in general negative. There are
also non-trivial curves (that is, curves that are not identically equal to a point) which have zero
energy.

Two special cases of metric (30) are of particular interest. With o = 0 and 8 = 1 we obtain

the metric:
O3x3  I3x3
G = .
l I3z 0O3x3

This metric, taken as a quadratic form on se(3), is known as the Klein form [5]. The eigenvalues
for the metric are {1,1,1,—1,—1,—1} and the form is therefore non-degenerate. For a screw
motion A(t) = Agexp(tS) where S = {w,v} € se(3), the energy of the segment ¢ € [0,1] is
given by E(A) = 2 wlv. If w # 0, the quantity:

T

el

h (37)
is called the pitch of the screw motion [6]. The pitch measures the amount of translation
along the screw axis during the screw motion. Zero energy screw motions therefore either
have zero pitch (the motion is pure rotation) or infinite pitch (w = 0, the motion is pure
translation). Screw motions with positive energy are those with positive pitch. Trajectories for
such motions correspond to right-handed helices and the motions are thus called right-handed
screw motions. Similarly, screw motions with negative energy are left-handed screw motions.
Since pure rotations and pure translations are zero-energy motions, it is always possible to find a
zero energy curve between two arbitrary points by breaking the motion into a segment consisting
of a pure rotation followed by a segment of a pure translation.

10



By letting o = 1 and 8 = 0, we get the semi-definite metric:

I3x3  0O3x3
G = .
[ 03x3 0O3x3 ]

This metric, as a form on se(3), is called the Killing form [5]. Its eigenvalues are {1,1,1,0,0,0}
hence it is degenerate. The energy of a screw motion with S = {w,v} is equal to w’w so it
is always non-negative. Pure translations are zero-energy motions while any motion involving
rotation has positive energy.

In the general case, @ # 0 and 3 # 0, the energy of a screw motion A(t) = Agexp(tS) where
S = {w,v} and t € [0,1], is w! (aw + 2Bv). Pure translations (w = 0) thus have zero energy.
For a general screw motion (w # 0), the energy of the segment ¢ € [0,1] is |w|?>(a + 28h). The
sign of the energy of a general motion therefore depends on « and g.

Remark 3.7 The Klein form and the Killing form on SE(3) are known to be bi-invariant [5].
Since every metric in the family (30) is a linear combination (with constant coefficients) of these
two forms, it is clear that all these metrics are bi-invariant.

4 Affine connections on SE(3)

There is no natural choice of a metric on SE(3). In the previous section, we chose a particular
family of curves (screw motions) and found the metric G for which these curves were geodesics.
Through the metric connection, a metric also provides a natural way to differentiate vector
fields.

In this section, our primary objective is to find a connection which produces an acceleration
vector that is physically meaningful. We therefore start by introducing a connection on SE(3)
which allows us to compute the covariant derivative and obtain the acceleration. By requiring
that the acceleration computed with the covariant derivative agrees with the acceleration as
defined in kinematics using principles of vector calculus (see below), we obtain a family of
possible affine connections. We then show that there is a unique symmetric connection in this
family. Finally, we determine the class of Riemannian metrics which are compatible with this
symmetric affine connection.

4.1 Kinematic connection

Let A(t) be a curve describing a motion of a rigid body. The velocity vector field, V (¢), is given by
the tangent vector at each point on the curve, V (t) = %. We can write V(t) = ViL; and define
{w(t),v(t)} to be the corresponding vector of components. The velocity pair S(t) = {w(t),v(t)}
is the instantaneous twist associated with the motion, expressed in the moving frame M fixed
to the rigid body. More precisely, w represents the angular velocity of the rigid body while
is the linear velocity of the origin O of the body fixed reference frame M (see Figure 1). It is
important to note the difference between the twist S(¢) used to obtain Equation (38) and the
velocity vector field V() = V(A(t)): the twist S(¢) belongs to se(3), while V' (¢) belongs to the
tangent space Ty(;) SE (3). We now turn our attention to the acceleration vector. In kinematics,
the acceleration is represented by a vector pair {a,a}, where « is the angular acceleration of
the rigid body and a is the acceleration of the point ', both expressed in the frame M. This
acceleration vector pair can be written in the form:

{a,a} = {w,0} +{0,w x v}, (38)

11



The first term is simply the derivative of the components of the angular velocity and the linear
velocity of the point O expressed in the frame M. This term is also called the spatial acceleration
[3]5. However, angular and linear velocities are expressed in the body fixed frame M, which
rotates as the body moves. We must therefore add the second term, a convective term that
describes the contribution of this rotation to the acceleration of the rigid body. This term is an
artifact of expressing the velocities in a frame that rotates.

On the other hand, geometrically, the acceleration, A, of the rigid body is given by the
covariant derivative of the velocity vector field V = % along A(t):

A=VyV. (39)

According to Equation (38), the affine connection that produces a physically meaningful accel-
eration must satisfy:
VvV ={w, 0} +{0,w x v}. (40)

In components, ViV can be rewritten as:

vk - i
VWV =3 Lit Y Y VVITiL, (41)
k k 1<i,j<6

where I‘fi are the Christoffel symbols (which define the affine connection) for the basis Lj:
Ve li=)" %Ly (42)
k

Comparing the right hand side of (40) and (41), it is clear that the first terms are the same
regardless of the choice of the affine connection. In both, (40) and (41), the second term on the
right hand side depends on the products of velocity components. Recalling that the first three
components of V' correspond to w and the last three components correspond to v, we can write
the second term of (40) in the form:

{0,w x v} = Z Za%ViVjik, (43)
k i<y

where afj are constants that are all zero except for:

6 _ 5 _ _
ay, =—1 a3, =1 ais =
i4 §4 4115 (44)
ags = —1 ajg=—1 a3y =1
Equating the right hand sides of (40) and (41) gives the following relationships:
Th = af 1<i<6
Th4+Th = af 1<i<j<6. (45)

The system (45) does not contain enough equations to solve for I‘fj if i # j (but we get TX. =
0, 1 <14,k <6). Therefore, there is a family of affine connections on SE(3) that produce the
acceleration used in kinematics. acceleration.

SFeatherstone [3] considers the acceleration in a fixed (inertial) frame and demonstrates that it has the form
shown in (38). While the “convective term” is present in his derivation, the physical interpretation is different.
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To further restrict the choice of the connection, we might ask if any of the connections that
satisfy Equation (45) are symmetric. In other words, we require that the connection satisfies
Equation (14):

VxY - VyX =[X,Y].

It immediately follows that for the basis ZALZ-, the symmetry of the connection implies:
Ik — Tk =CF. (46)

where ij are the structure constants for se(3) (Equation 4). Equations (45) and (46) together
uniquely determine the Christoffel symbols I‘;?i and therefore the connection. We call this sym-
metric affine connection the kinematic connection. The non-zero Christoffel symbols for the
kinematic connection can be easily seen to be:

3 12 1l 1 3 _12 11 _ 1
I‘21 - F13 - 1132 - I‘12 = F31 - F23 -2

6 4 5 6 4 5 (47)
g =Tg=Ti3=1, THp=T5=T=-1

We can therefore state the following proposition to summarize the derivations in this section.

Proposition 4.1 On SE(3), there exists a unique symmetric affine connection, called thekine-
matic connection, that produces the acceleration as defined in kinematics. The Christoffel symbols
for the kinematic connection with respect to the basis vector fields L; are given in Equation (47).

4.2 Metrics compatible with the kinematic connection

In Section 2.4 we defined a connection to be Riemannian if it is symmetric and compatible with
the metric. Since we explicitly required that the kinematic connection be symmetric, we can
try to find a metric which is compatible with the connection. In general, such a metric may not
exist.

If a metric is compatible with the connection, then:

7Z <X, Y>=<VzX,Y>+<X,VzY>, (48)

where X, Y and Z are arbitrary vector fields. By substituting the basis vector fields Ei, f/j and
L for X, Y and Z, the compatibility condition becomes:

Li(gij) = Y (Thegr; + Thui) (49)
!

where the Christoffel symbols F;?Z- were computed above. Equation (49) generates a system of
126 partial differential equations for the 21 metric coefficients {g;; | 1 <14 < j < 6}. Note that
for k& > 3, ng =0, so f/k(gij) = 0. The system of equations obtained from Equation (49) for
k < 3 is given in Equation (59) in Appendix B. The first step in finding the solution of this
system of equations is proving the following lemma.

Lemma 4.2 If the coefficients of a Riemannian metric G satisfy Equation (49), the metric has

the form.:
al 0
-5 8] (50)

where o is a constant and G, is an arbitrary positive definite symmetric matriz that smoothly
varies from point to point.
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Proof: We use Lemma 3.4 again. Take the following subset of equations of the system (59):

f11(911) =0 E2(911) = —gi3 f/3(911) = g12 (51)

According to Lemma 3.4 the following equality holds:

~

—L1(g13) = g12-

By substituting for f}l(glg) from (59), we obtain %912 = g12, which gives gio = 0. Substituting
in the system (59), we next obtain:

g13=0 g23=0 g1 =922 g1 =933 (52)

It is easy to see that these equations imply lA}i(gH) =0, 1< i < 6, which together with
Equation (52) results in:

gi11 = g22 = 4933 = Q,

where « is a constant. Therefore, the upper-left 3 x 3 block in the matrix G is of the form al3ys,
where [ is the identity matrix.
By taking equations:

Li(gia) =0 Lo(gia) = —1g31a — 916 La(gia) = 1904 + gu5, (53)
and again using Lemma 3.4, we get gos = 0. By substituting this in the system (59) it is easy to
see that all the entries in the upper-right 3 x 3 block of the matrix G' (and due to the symmetry
of G also in the lower-left 3 x 3 block) are equal to 0, proving that G must be of the form
(50). Since we are interested in Riemannian metrics, the matrix G must be positive definite and

symmetric. The form of G then implies that also GG, must be positive definite and symmetric.
O

Proposition 4.3 A left invariant metric is compatible with the kinematic connection if and
only if the matriz of metric coefficients G = [g;4] is of the form:

al 0
where a and B are arbitrary constants.

Proof: If a metric is left invariant then the matrix G is constant. But if g;; = const., then

Li(gij) = 0. It is then easy to check that the system of equations (59) implies the form of G in

(54). o

Remark 4.4 Note that the metric (54) is exactly the same as the metric (19).

To determine whether there are other solutions to the system (59), it helps to investigate what
is common to metrics that have the same metrical connection. The geometric entity determined
from the connection are geodesics (Equation 17). Two metrics with the same connection thus
have the same geodesics. By reasoning similar to that which led to the kinematic connection
we can prove that also the converse is true: the family of geodesics uniquely determines the
symmetric connection. To find other solutions of the system (59), we therefore try to find
metrics which have the same geodesics as metric (54). Alternatively, this process can be viewed
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as the study of diffeomorphisms of SE(3) which map geodesics to geodesics (such maps are
called affine maps).

We saw earlier that a geodesic for the metric (54) between two points A; and As on SE(3)
is a product of a geodesic on SO(3) equipped with a bi-invariant metric (a constant velocity
rotation) and a geodesic on Euclidean space R? (a straight line). But on R?, straight lines are
geodesics for any inner product defined by a positive definite constant matrix. Therefore, any
product metric on SO(3) x R?® with the bi-invariant metric on SO(3) and an inner product
metric on R? has the same geodesics as the metric (54). It can be shown [17] that for the basis
lA}i such a metric has the form:

(55)

G(R,d):laI 0 ]

0 RTWR

where W is a constant positive definite symmetric matrix which defines the inner product on
IR3. We state this as a lemma:

Lemma 4.5 If a metric G has the form (55), then it is a solution of the system of equations

(59).

Note that the form of G in Lemma 4.5 is consistent with that in Lemma 4.2. It is also
obvious that the metric (54) can be obtained as a special case of (55) by substituting W = SI.
Lemma 4.5 identifies a family of Riemannian metrics that are compatible with the kinematic
connection. We would like to know whether there are any other metrics which are compatible
with the kinematic connection. Before we answer this question, we prove the following lemma:

Lemma 4.6 Two metrics on SE(3) which have the same Riemannian connection and are equal
at a point, are equal everywhere.

Proof: Let Gi; and G be the two metrics and let Ag be the point where they are equal:
G1(Ag) = G2(Ap). If a connection is compatible with the metric then the parallel transport
preserves the inner product. Take an arbitrary point A € SE(3). We can always find a curve vy
which connects Ay with A. Since at Ay, G1 and G4 are equal, we can choose a basis X; for the
tangent space T4, SE(3) which is orthonormal in both metrics. The two metrics have the same
connection and we can parallel transport vectors X; at Ay to vectors X, at A along . Since
both metrics are compatible with the connection and the parallel transport preserves the inner
product, vectors X, at A are orthonormal in both metrics. But this means that the two metrics
are equal at A. Since A was an arbitrary point, the two metrics must be the same everywher%

We can now state the second major result of the section:

Theorem 4.7 A metric G(R,d) is compatible with the kinematic connection given by Equation
(45) and (46) if and only if it has the form:

| alsgs 03%3
G(R7 d) - [ 03)(3 RTWR ] (56)

where W is a constant positive definite symmetric matriz.
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Proof: The “if” part of the Theorem is just Lemma 4.5. To prove the “only if” direction, let G
be a metric compatible with the kinematic connection. According to Lemma 4.2, the metric G

has the form:
ol 0
- ] 7

where M is a positive definite, smoothly varying, symmetric matrix. At the identity there
exists a metric G’ of the form (56) with W = M which is equal to G. The two metrics are
both compatible with the kinematic connection, so according to Lemma 4.6, they are the same.

Hence, the metric G has the form (56). -

Remark 4.8 All the metrics of the form (56) are isometric. In other words, if G; and G4 are
two such metrics, there is an isometry between SE(3) equipped with the metric G; and SE(3)
equipped with the metric Go. (This isometry does not preserve the group structure on SE(3).)
The two manifolds are isometric because of the product structure of the metrics and the fact
that any two metrics on a Euclidean space R™ obtained from an inner product are isometric.

Remark 4.9 Parallel transport along a closed curve 7y which starts and ends at A € SE(3),
maps an element X € T4SE(3) to another element X' € T4SE(3). The collection of such
mappings that we obtain by taking all possible closed curves that start and end at A forms a
group called the holonomy group of the connection with the reference point A. The derivation of
Theorem 4.7 would be considerably shorter if we had used the de Rham splitting theorem and
the structure of the holonomy group for the kinematic connection. However, we have elected to
present a proof that only relies on elementary results from differential geometry.

5 Concluding remarks

There are many papers in kinematics and robotics that advocate the use of screw motions for
the trajectory planning of robot end effectors (see for example, [12, 15, 16]). Another body of
literature studies the trajectory planning problem on SE(3) in the framework of Riemannian
geometry and proposes the trajectories that are optimal with respect to some cost function
[10, 18]. The focus of this paper is on how to choose a Riemannian metric and an affine
connection on SE(3) that are suitable for trajectory planning. To this end we systematically
investigate the possible Riemannian metrics, affine connections, and the resulting geodesics
(shortest distance trajectories) The key results and their implications for motion planning and
kinematic analysis on SE(3) are summarized below:

1. Screw motions are left or right translates of one-parameter subgroups (Proposition 3.2).
Since one-parameter subgroups are a property of SE(3) and are therefore independent
of the choice of fixed or moving reference frames, it is attractive to use screw motions
as the basis for trajectory planning. However, there is no positive definite cost function
associated with the screw motion (Corollary 3.6).

2. If it is desirable to use screw motions in a particular application, it may be useful to think
of the trajectories as extremals for a cost functional derived from the two-parameter family
of semi-Riemannian metrics in Theorem 3.5. The semi-Riemannian metrics (and therefore
the cost function) are bi-invariant.
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3. When accelerations or higher order derivatives are necessary, either for trajectory plan-
ning [18] or for kinematic analysis [3], it is necessary to define a connection on SE(3).
Proposition 4.1 identifies the kinematic connection which through the covariant derivative
yields the acceleration that is used in kinematics.

4. Theorem 4.7 identifies the family of Riemannian metrics that are compatible with the
kinematic connection. This result can be used to formulate and solve the minimum accel-
eration or minimum jerk problems where functionals involving derivatives of the velocity
are minimized to obtain optimal trajectories.

5. It is well-known that there is no bi-invariant metric on SE(3) [5, 9]. The only family
of metrics that would seem to make any sense for kinematic computations is thus the
family defined in Theorem 4.7. If left-invariance is desired, Proposition 4.3 shows that the
scale dependent left invariant metric of [10] is the only meaningful metric. This metric is
independent of the choice of the fixed (inertial) reference frame®.

The results in this paper are of considerable theoretical significance and contribute to a

deeper understanding of the trajectory generation problem on SE(3). Further, they are directly
relevant to applications in robotics, computer animation and computer aided design.
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A Equations defining metric with screw motions as geodesics

In Section 3.1 we concluded that Equation (24):

-~ 1
Li(9i5) = 3 > (Cligij + Chjgui),
1

must be satisfied by the metric if screw motions are geodesics. The coefficients ij are the struc-
ture constants of the Lie algebra se(3). We evaluated this equation in Mathematica to obtain a
system of 126 partial differential equations that have to be solved for the metric coefficients g;;.

In the equations we use the abbreviation ggg. def Ly (9i5)-

Gi =0 Gt = —g13 Gh = g12

Gi =0 Gh = —g16 Gh = g15

Glo = 3913 G2 = —3g03 G3, = L(ga2 — g11)
Gty = 3916 G2y = —1996 G% = L(gas — g14)
Gls = —3912 G¥ = (911 — g33) G3s = 1993

Gis = —3915 GPs = 3(914 — g36) GSs = Zg3s

Giy =0 Gty = 3(—934 — g16) G}y = 3(924 + g15)
Gis =0 Gy = =394 G0 = 3915

Gls = 3910 Gts = — 39 G5 = 5925 — 914)
Gl 0 ot - ~La G~ Lon

Gle = —3915 Gl = (914 — g36) G35 = 392

ol =0 G = - G i

G3o = g23 G2, =0 03 = —gis

G2z = 926 G3y = 0 G% = —g2

Gi3 = 5(g3 — 922) G% = 1g10 Gl = —1gi3 (58)
Gi3 = (936 — 925) G55 = 1924 GS = —Lga

G54 = 3921 G5y = — 39 G4 = (925 — 914)
G54 = 3946 G5, =0 G = —Lgus

G35 = 3 (935 + g2) G35 =0 G35 = 1(-g15 — g24)
G35 = 3956 G35 =0 GS = —Lgus

Gis = 5(936 — 925) G% = Lgo4 G3s = —1g16

G36 = 5966 G3% =0 GSs = —Laus

G35 = —g23 G% = 013 G =0

Gs3 = —935 G33 = g34 GS =0

G314 = — 3924 G34 = 3(g14 — g36) G3, = 3935

O3y = — 3915 G314 = 394 Gs, =0

Gis = 5(936 — 925) G% = Lg15 G = —1g

G35 = _%955 G35 = %945 G8 =0
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g%ﬁ = %('926 - 935)

Gig = —%956
gi4 =0

924 =0

Gis = %946
925 =0

Gis = — 5945
giﬁ =0

G55 = 956
g§5 =0

Gis = 3(g66 — 955)
g§6 =

Gée = —9s6

ggﬁ =0

G36 = %(916 + g34)
1
2

G36 = 5946
Gl = —gs6
924 =0

G2 = —3956
925 =0

G = %(944 — Je6)
926 =0

g§5 =0
g§5 =0
G = %945
gg’s =0
Gas = gus
gg6 =0

19

ggs =0
gg6 =0
G = gus
924 =0

G3s = (955 — gaa)
925 =0

gi’s = %956
926 =0

G35 = —qus
Q§5 =0

G35 = —3946
g566 =0

gg’s =0

gg6 =0



B Equations for the metric compatible with the kinematic con-
nection

In Section 4 we concluded that a metric compatible with the kinematic connection must satisfy
Equation (49):

Li(gi) = > (Thegij + Thigui)-
l
The Christoffel symbols I‘fj specify the kinematic connection and are listed in (47). For k& > 3,

the Christoffel symbols I/, are 0, and therefore Zk(gij) = 0. For this reason, we only list
equations for k < 3. The equations were generated in Mathematica and are listed below. In the
equations, gfj stands for Lj(gi;)-

G, =0 Gl = —agi3 Gh = g12

Gl = 3913 G = —3923 G¥ = 3922 — 3911

Gls = — 2912 G2 = 3911 — 2933 Gis = Sg23

Gis=0 G4 = — 5931 — 916 G = 5924 + 15

Gis = 916 Gls = —5935 G¥s = 1925 — 914

Gls = —g15 Gl = 914 — 3936 G35 = 392

g212 = g23 932 =0 ggz = —g12

Gis = 933 — 1920 G2 = 191 G3s = —3g13

G3s = 5934 G34 = —926 G54 = g25 — 5914

G35 = 3935 + g26 G35 =0 G35 = —5g15 — gou

Gis = 936 — 925 G36 = goa G35 = —1g16 (59)

G33 = —go3 G35 = 913 G33=0

Gis = — 392 G3, = 3914 — 936 G3) = g3

G35 = 936 — 3925 G3s = 3915 G35 = —g3u

G36 = —392% — 935 G3s = 3916 + gaa G =0

Gis =0 G = —29u6 G = 2gas5

Gis = 96 Gis = —gs6 G5 = gs5 — gaa

Gis = —915 Gis = 9as — Jes Gis = gs6

Gis = 2956 G2 =0 G35 = —2g45

G36 = go6 — gs5 G2s = gu5 G36 = —gus

Gés = —2956 Ges = 2946 Gés =0
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