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Abstract: In this paper, methods of differential geometry and properties of Lie groups are used to show that in an'
conservative system subjected to a non zero external load, if one examines motions in SE(3), the special Euclidt
group of rigid body motions in three dimensions, the resultirggsiffness matrix is asymmetric in any inertial (fixed)

or body-fixed reference frame. We prove that in any subgroup of SE(3), when external forces or moments act on -
system, the stiffness matrix, in general, is asymmetric if the Lie bracket of any two basis vectors is non zero. Furth
we derive several useful properties of stiffness matrices using the ideas of covariant differentiation and the adjoint actic
of SE(3) on its Lie algebra, se(3). Finally, we outline a method to construct a symmetric stiffness matrix by choosir
an appropriate moving reference frame that is not fixed to any rigid body.

Introduction Preliminaries

This paper considers the static analysis of conservativeThe special orthogonal group kdimensionsSQKk),
systems in which the associated potential enevgys a is defined by:
function of position only. We consider two rigid bodies, T RKk.pTR=pRT = -
one fixed and the other free, connected by any coupling qu)Q{RI R ) R'R ] RR I’d?t(R) 1} @
such that the system is conservative. The system iwharel is thek kidentity matrix.SQ3), which represents
equilibrium when the partial derivative @fwith respect tothe set of rotations of a rigid body in three dimensions is
each generalized coordinatg, vanishes. The stiffnessf special significance in rigid body kinematidgk) is the
matrix, K, consists of the second partial derivatives of #f@up of translations of a rigid body kndimensions. It is
potential energy with respect to the generalized coordinds@snorphic toRK. The special Euclidean group of rigid
Since body transformationsSEK), is given by:

2 i 1V (ks Z do . i
Kij = -~ SHK)DjA T R+ (k l):A=SR 2di Ry (2)
Ta; 71a; = g0 14
it is clear that the stiffness matrix is symmetric. The product operator of these finite dimensional Lie groups

However, in many mechanisms and in particular matrix multiplication.
robots, it is desirable to use a so-called task spaceThe tangent space at the identity element of a Lie
coordinate system (rather than generalized coordinate§roup is called the Lie Algebra. G3Q(3), this tangent
which the space of all three dimensional translations gpdce consists of all skew-symmetric33natricesW [6].
rotations is parametrized in terms of small rotations ab®lysically, each element represents the angular velocity of
and small translations along the axes of a task smadgid body. The algebra is denoted $1¥3). OnSH3),
reference frame. The changes in forces and moments dietbie algebra, denoted bg3), is given by:

small motions along these basis twists are given by the i s N v - 0
Cartesian stiffness matrix. s(DITI R *:T=g " (oWl sq(3), v RBFVJ 3)
It was observed by Griffis and Duffy [3] that the ! € u

Cartesian stiffness matrix associated with a linear elakfig Lie bracket of two twist§1 andT2, is given by:
coupling between two planar rigid bodies is, in general, T = [T1, T2] =T1T2-T2T1
asymmetric if the resulting forces and moments do not z
sum to zero. Pigoski, Griffis, and Duffy [7] showed that
the stiffness matrix in the body-fixed reference frame is the
transpose of the stiffness matrix in the inertial reference F
frame in the planar case. Ciblak and Lipkin [2] developed a {F}
more general formulation of the same problem and
extended the above results to the spatial case. INITIAL
In this paper, methods of differential geometry and ProsiTioN
properties of Lie groups are used to show thaairy
conservative system subjected to a non zero external load,
if one examines rigid body motions in three dimensions,
the resulting 66 stiffness matrix is asymmetric in any
inertial (fixed) or body-fixed reference frame. We prove that
when external forces or moments act on the system, the
stiffness matrix, in general, is asymmetric if the Lig
bracket of any two basis vectors is non zero. Further, we
derive several useful properties of stiffness matrice5igure 1 The motioA(t) and the two reference frames
Finally, we outline a method to construct a symmetric ) o
stiffness matrix by choosing an appropriate movihfe velocity of a rigid body
reference frame that is not fixed to any rigid body. An Let the motion of a rigid body be describedAsy) , a
example is presented to illustrate our results. curve on thesH3) manifold. There are two natural ways of
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identifying the tangent vecto&(t) with an element ofalthough the ordering of the coordinates or the basis
sg3). To see this, consider a point on the rigid body aedtors is arbitrary, once chosen it is important to adhere
treatA(t) as a coordinate transformation that transformstinéhe ordering because, in general,

position vectorp, of the point in a body-fixed reference oy il Vexd xIL. )t exd xiL . Vexd x'L. g
frame,M, to the position vectd? in an inertial reference p( ') p( ') F( J) F( ') ®

frame,F (Figure 1). It follows that: A displacement of the moving body is given by:
p(% = A(t)p " A:exp(lel).exp(sz2).exp(x3L3).exp(x4L4).
= kp= Kkalp @ 5 6
In other words, the twisk is given by: exr(x L5).exp(x L6)
2 y : XUg 00 opég o0 ogél O 0 0
FT:,@A'lzg\N VB W:IQRT,VZ&:-Wd (5) _g(l)g 03§10x23§10 OE(E.O C,a -S4 00
60 Og "& 01 0U& 01 olé 01 U S. C. o
W is the angular velocity andis the linear velocity of a oo 1@ oo 1@ oo 188 o o 1
point on the rigid body that is coincident with the origin of  ¢c, o s, og&.s -s. 0 oy
the inertial reference fram&. Both vectors consist of €0 1 0 olés, c o ol
components in the inertial reference frame. €s, 0c, 008G g 4 o0
On the other hand, it is possible to identify the &0 o o &0 o o 1l

tangent vector@(t) with the velocity expressed in thgnere we have usedy andSy to denote the cosine and

body-fixed reference frame. The twist in the bOdy'ﬁxg%e ofx respectively. We return to this parameterization

frame is given by [S\]/ Ve throughout the paper to illustrate our results. n
M agc_€ u T T
T=A%=2  SW=R'&v=R"& 6 o ,
& of ©) Although the development in this subsection assumes the
W is the angular velocity while is the linear velocity ofinertial frame_ repres_entanon of the twist, a parallel
representation of the twist is employed.
Kinematics and Lie groups ,
Adopting the inertial frame representation of the twd#ists and Wrenches _ _
T(t) as given in (5), we can describe the motion in Figure If we consider the manifol8&3), at any point, every

1 by the differential equation: tangent vector can be idt_enti_fied with a tyvists'e(?:). _
dA(t) Corresponding to each twist is a screw axis about which
- T(t)A(t), A(0)=I. the (infinitesimal) twist occurs. Although we talk about a

. . wrench about a screw, a wrench cannot be treated as a
Wei and Norman [10] showed that the solution of tb/'(?f:tor in the tangent space.Ufis the vector space of all

differential equation ca}n be written as the prOdUCtt\ﬁ sts, the space of all wrenches is the dual spatk aifid
exponentials in the form: . *
is denoted byJ" [6].

At) = (D)exp(xi (t)Li) ) We use superscripts to denote contravariant com-
i=1 ] . ponents of vectors and subscripts to denote covariant
wherelL 1, L2, ...,Ln are a basis for the Lie algebra agdmponents of covectors that belong to the dual space.
x!'(t) are coordinates, provided thgft) can be written as arhus ifEq, Eo, ...,Eg are a basis fosg3), a twistT has
linear combination of thé; with scalar (and possiblthe component representatiom=T'E; (the Einstein
time-varying) coefficients. Foiso(3) andsg3), this summation convention is implied here). Similarly, the
representation is valid in a neighborhood of the identigsis for the dual space of wrenches is denotefLbf2,

element. ..., F9 and a wrenclW is written asw=W;F'. The dual
basis is defined so that it satisfies the relationship:
Branmle i i F(g)=(F.E)=d ©)
We choose the following basis vectors $6{3):
@ 0 0 1y € 0 0 0y € 0 0 0y i
o000l %oo10 &oo ol Basis vectors
L1=% 0 0 002 & 0 0 od-*"& o0 o 14 _The tangent vector is obtained by differentiath(@).
Qoo0o! SHoool & oo ol If x! (i=1,2,...,6) are coordinates .
1
@0 00y 60010y ¢ -100p %( 1,)(2,x3,x4,x5,x6)=”—A-di (10)
9o0-104 Sooo0o0 S o0 00! dt ix' dt
|_4:9 l:|’|_5:€ l;J’L6:€ l;l . . . ..
€ 1 0 04 ° &1 0 0 Ou @ 0 0 oa Wwhere summation overr is implied by repeating For
o0 0o & oo0oo0f & o ooff example thetwistinthe inertial frame is given by
These are the so called principal screws of the systemofall .,  dA ., &fJA ,_,6dx'
screws. Let the coordinates be: T=TE ‘EA ‘%WA o dt (11)
T
X = xl,xz,x?’,x“,xf’,xe] It follows that:
The factor exp( L) is a 1-parameter subgroup whose i _ dx' g ZMA 16 12
is qi Cyloy x2= 3= =t T VA= (12)
tangent vector is given bl j. x*=x, x4=y, andx°=z, dt x [}

represent translations along the y, andz axes Again, this process can be repeated for the body fixed frame
respectively.x4=qy, x5:qy, andx®=q,, are consecutiverepresentation of the twists. Note that the basis vectors are
rotations about thg, y, andz axes respectively. Note thdtinctions ofx'. At the identity,Ej =L;.



Example

In the coordinate system defined in (8), we can obtain
expressions foEj. In particular, we can express them as
6" 1 vectors of components with respect to the standard
basisLi. Near the identity elemenk!€0), neglecting
second and higher order terms, we have:

N

gli Oy Oy é0n  &exPn éx%U
&U &0 U  é,su €, 0 & U
Qi i & ¢¥a e0a  eXy
eu_ _ed_ _eu_  éxtu_ exiu_ eod
Ei=euE,=euEs=8uE =8 | GEs=& uE;=¢ U
o &a o g etua  e0u - exu
U éd U éou €10 &yl
égu éu eéeu & _u €,0 &7
da  Ha  Ha 00  ex'g el

- ¢ _ Figure 2 The tangent vector field to a curve
Note that at the identity elemerit;(x'=0)=L;. But away

from the identity elementgj * L. The dual basis can
also be easily identified using (9) N theSH3) manifold, At) is the vector field that is always
. . tangent to the curve. This vector field is identified with
St|ff1r_1r(1ass matrices : oo . t), a member of the tangent space at the identity element
e concept of a covariant derivative formalizes \%glhe Lie algebrag(3). The covariant derivativl, W is

notion of differentiating a vector field on a curve o
g ' the derivative of the wrendW along the curveA(t).

manifold. Consider a coordinate systemthe basis twists
Ei, and a twisfT=T' E;. Suppose we wish to determi

the rate of change df with respect tod. Then: "fhe Cartesian stifiness matrix

The Cartesian stiffness matrix describes small changes

i i A
Lj(T‘Ei) :ﬂjEi +T EJi:§e7[lj.+TkG‘kngi (13) in the components of a force (wrench) caused by small
> fx Tx' éix g displacements along the basis twists. SinleW
where GLJ» are given by: describes the rate of change of the wrewtlacting on a
TE, i body due to a twist of the rigid body, the components of
T i Ei (14)  this covariant derivative are the components of the stiffness
. o - matrix. These components are:
The covariant derivative (see [11] for definition) of the P 5
ba5|s~vectoEi alongE; is defined accordingly: K; =- ?W"jl . WkGiT+ (18)
Ne, Ei = GfE, (15) T e

Kji is a covariant tensor of rank 2. The negative sign in

k . .
G are the Christoffel symbols of the second kind. Nt ¢ e parenthesis in (18) is so that we conform to

tmhgtntr? € ftr)grsrlnse Vggtoéigiin %?1 txﬁigﬁsgzgg?;s;&t?g 2)((1 eg Wefinition of the stiffness matrix generally used in the
g - oep 9 ploy I|Perature. If we consider the twist=DX E;, the Cartesian

coefficients Gy’ are different. . e . , :
stiffness matrix is a’8 matrix relating small changes in

The Christoffel symbols the wrenchW to the displacemenf3x:

Equation (14) gives a definition for the Christoffel €DWiu s l]gDXlg
symbols. From (9), (13) and (15): a 23 a L]éDXZL'j
~ . ~ 7 A VN 3 7
ck = Fk(N _E-) = FK,E (16) ?D\Nal:': ) g K. Uepx U 19
1] By i ﬂXJ eDVV u < ij ue 24U ( )
gy € 0ebDx™ g
Example épw.u & Uép, 50
. . < 5> ~ XX 7
Returning to our example, we can find the non zero & >0 g e .
expression for the Christoffel symbols (using the inertial eDWs i ebx"g
reference frame representation) at the identity element: From this point on we consider only conservative
Gés =-1 G<231 =-1 Gj,=-1, Gés =1 Gg4 =1, systems in which the applied wrendh, can be derived
G,=1 Gh=1 Gi=1 G,=-1 from a twice-differentiable potential functiaf(x®, x2, ...,

x6). Then, the components OV are obtained by

P Lk Kk
Note that for arbitrary andj Gy * G n differentiating the potential function:
A%
The covariant derivative of a wrench _ W =- ) (20)
~ The rate of change of a wrenst=W;F' along the g gtituting in Equation (18), we see that
twist (vector field) T=T' E; is called the covariant v ) 72V

N ) - AP
derivative ofW alongT and is denoted bW . i =t TG = T WG” (21)
N i T i) = 1 W, kOri For a general potential fieltl, b the first term on
Row =TI T (WiE)=TiEW WS 17 g potential fiel, because the first term o
T x! ( ! ) 81]x‘ KIS (7) the right hand side is always symmetric with respect to the
A schematic representation of the vector fields is showH'§icesiEandj, the stiffness matrix is symmetric if and

Figure 2. IfA(t) :R® SKB3) is a differentiable curve orPnly if the second term is symmetric. Thus we get:



Theorem 1 considered, the basis vectors must span the Lie algebra,
The Cartesian stiffness matrix is symmetric for sg3). Further, the brackets of all pairs of basis vectors of
arbitrary potential function if and only if theg3) will themselves sparg3) [8, page 27]. Thus, in

Christoffel symboIsGﬁlJ‘ are symmetric with respeclt:‘qu"jltion (23), for alk, there exists some |, such that

k =- kg is i
toi andj , or the applied wrench is zeM/€0). G Cji * 0. (This is clear from (25)). Therefore, for

anyW, there exists somej, such that the right hand side
Remarks of Equation (24) is non zero. Thus we have the result.

1. This result is valid for any reference frame (movin%
or fixed), and for any set of coordinates and basis vectorEheorem 2 ] ) ] ]

2. The theorem is consistent with the results of Forany conservative system undergoing motions in
Pigoski, Griffis and Duffy [3,7], and those of Ciblak and SH3), the Cartesian stiffness matrix with respect to a
Lipkin [2], although these results were derived only for basis of twists in the inertial or in the body-fixed
linear elastic couplings. Our theorem is valid for any frame is symmetric if and only W=0.
conservative system and any reference frame.

Coordinate and non coordinate basis vectors
Choice of coordinates A set of basis vectors is called a coordinate basis if

As shown in the example, it is possible to express&heh basis vector can be expressed as a derivative with
basis vectoE;j in terms of the principal screws . For respect to any of the coordinates [9, page 49]. Because the
any two twistsT andS, with components‘i and§ with Lie bracket of any two coordinate basis vectors will vanish

respect to the basis vectdrs [9], we have the following corollary:

N & & T ;186 Corollary 2
- =g __gi=2 7= , . :
NsT - NtS gS x) T a1 EL' [T.9] For any conservative system, the Cartesian stiffness
From this we can conclude that matrix in any coordinate basis is always symmetric.
Ne,E;j - Ng E :[Eiij] (22) It is possible to show that there does not exist a set of

If we denote the structure constants [8] of the Lie AlgeB@$is vectors belonging to the Lie algelsia3), that are a
by CX, so that coordinate basis for the manifol8((3). The well-known

ij physical interpretation is that finite rotations do not
Li,L;[= CiE(Lk (23) commute. The same argument is easily extend&H{8)
4 there is no coordinate basissg3). However, in some

ijgroups 06K3) (such ad(3)) a coordinate basis does
‘ N " exist. In summary, the asymmetry in Equation (18) is

Gj - Gy =G because of our preference for describing small motions as
Thus, the asymmetry of the Christoffel symbols, depetwists insg3) and forces/moments as wrenchesg8)".
only on the basis vectors and their ordering. The
asymmetry of the Cartesian stiffness matrix is given byA symmetric reference frame for SE(3)

K; - K; =Ci;<Wk (24 The relationship between twists in the body-fixed

: . (moving) frameMT, and in the inertial (fixed) framé&T,
From Equation (23), we can deduce the following result].s obtained from thadjoint action of the group.

Corollary 1 T= AdA(MT) = A( MT)A'l
In a loaded configurationW ! 0), the Cartesian .
stiffness matrix vgith res;\)lgzct )to some basis is T = AdA-l(FT) =A 1(FT)A
symmetric for an arbitrary potential function if anghere Ada(.) denotes thadjoint actionof A on (.). The
only if all the Lie brackets of the basis vectors vanigfasis vectorsVE; and "E;, are similarly related by (26).

From this, one can show that for any conservative system,

Example the stiffness matrix in the inertial frame is the transpose of
With respect to the basis vectors in the example, tifestiffness matrix in the body-fixed frame.

non zero structure constantssif3) are:

Cci=-C3=1 C},=-C3=1 C3=-Cx=1 A general question that one may ask is whether it is

ossible to find a reference frame in which the Cartesian
Ch=-Ch=1 CL=-Ch=1 Ci=-Cs=1 (29 gtiffness matrix is symmetric. The answer to this is yes.
Cie=-Crig=1 Ciy=-Cjs=1 Ci=-C-= We defineQ so that

Thus forSE3), if Kj; are the components derived in the Q.Q=A

fixed (inertial) frame, it is clear from Equation (23) thgt Thus,Q is a member of the same 1 parameter subgroup as

= Kjj, if and only ifW=0. However, if we consideF(3), A.If L denotes the twist whose exponentialAisthere

and the basisE1, Eo, Eg} for the corresponding Lig®XISts a parameter such that
algebra, all the structure constants vanish. ThusT(f®y, A =expls), and Q= exp%Ls)
the stiffness matrix is symmetric.

3
and recall the definition in (15), then at the identi
element, (22) can be written in terms of components:

(26)

The physical interpretation of this frame is that its
%locity, instantaneously, is half the velocity of the

The components of the Cartesian stiffness matf ing frame. The basis vectorsQrare given by:
depend on the choice of reference frame and on the ordg?f?l\ﬂ g frame. The basis vectorsmare given by.

of the basis vectors. When the motionsS&(3) are E, :Q'l(A,iA'l)Q (27)



T°E

i

QE.
It can be shown that the derivativgs”% and are
X

equal whenx'=0. This implies the symmetry of the
stiffness matrix at the identity. The resulting symmetric
stiffness matrix is the average of the stiffness matrix in the
moving frame and that in the fixed frame:

K, :%(FK” + FKji):%(FKij MK ) (@9

5. Example Figure 3 Stiffness matrices in different reference frames
We demonstrate these results using the example of a

rigid body connected by a linear spring to a fixed surface&Ctfnclusion

k, is the linear spring constant, angry, are the position ~ The main contribution of this paper is to generalize

vectors to the two ends of the spring, the spring providésea results of two prior papers [2,7] concerning the

force on the object given B, (1, - rp) (@ssuming the freestructure of 66 Cartesian stiffness matrices and establish

length of the spring is zero). If we IEtandM refer to the the group theoretic foundation for these results. The two

equilibrating external forces and moments, respectivgly, results are: (a) iany conservative system subjected to

acting on the object in the initial config-uration, whle 5 ‘o zero external load. if motions BE(3) are

andM' refer to the forces and moments, rESpeCtively?hHhsidered the resultiné 6 stiffness matrix is
e 1

the displaced configuration, and refer all quantities to S A .

fixed frame, £}, it can be seen that: asymmetric in any inertial (fixed) or_body—flxed _refergnce
F=kK,(r,-rp) F =k, (ry- (d+Rry) frame; and (b) The asymmetry of stiffness matrices is due
M = ?a ,aF M' = Fa’aF' to the properties of the Lie algebra of twists. Our results

whereR is the rotation matrix, and is the displacemen@PP!Y t0 any subgroup &H3) and any coordinate system

that relates ¥} to { F}. The stiffness matrix in the fixed®" basis vectors. Finally, we show how to construct
frame, {F}, is given by: symmetric stiffness matrices by finding special moving

61 0 0 0 r2 -r2 0 reference frames and basis vectors in which the Cartesian
g o 1 o0 g 0 ik 3 stiffness matrix is symmetric.
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where, for exampler{, is theith component of the

position vectorr,. If we instead had wished to refer a[lﬁeferences

] Brockett, R. W. and Loncaric, J. The geometry of

quantities to the moving framel}, we would now have
the following expressions fd¥' andM":
F' =k, (RT(-d+r,) -rp) M'=r,” F

These two expressions lead to the stiffness matrix inlh

moving frame M}, given by:

7z 3 2 ~
g 1 0 0 0 ra -r3 H
3 1
g0 1 0 -r, 0 ra G
€o 0 1 r2 -rl o u
k€ s 2 22,33 102 1,3 U
@0 -ry g rargtrirg -Talp -fale 0
é. 3 1 2.1 1.1, .3.3 2.3 U
a'b 0 -rp -raly raf +rafp b
gré rp 0 -r3rt -rd2 o rZrZ+rlig

Finally, consider the special symmetric frame o

reference, Q}. In frame {Q}, we have:
F'=4G (R (ra- (d+Rrp))

. 1 F e
M' = (Ro)" (Gd)+Rqry) " F.
whereRqRq = R. This gives the stiffness matrix:

g 2 0 0 0 rderd -rZ-r2
& O 2 0 -rdoxd 0 rlard ﬂ
Lg 0 0 2 r2+r2 -riord 0 ﬂ
28 0 e e AR -i-rn e
€348 0 R T o S S S (S s o) W S S O 14 ﬂ

earb

a r2 2 1 1 1.3 3.1 2.3 3.2 2.2 1,144
Gra-rpy ratry 0 -Tafp - Talp - falp - Talp z(rarb + rarb)g

for the modeling of complaint robotic systems.
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