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Abstract: In this paper, methods of differential geometry and properties of Lie groups are used to show that in any
conservative system subjected to a non zero external load, if one examines motions in SE(3), the special Euclidean
group of rigid body motions in three dimensions, the resulting 6´6 stiffness matrix is asymmetric in any inertial (fixed)
or body-fixed reference frame. We prove that in any subgroup of SE(3), when  external forces or moments act on the
system, the stiffness matrix, in general, is asymmetric if the Lie bracket of any two basis vectors is non zero. Further,
we derive several useful properties of stiffness matrices using the ideas of covariant differentiation and the adjoint action
of SE(3) on its Lie algebra, se(3). Finally, we outline a method to construct a symmetric stiffness matrix by choosing
an appropriate moving reference frame that is not fixed to any rigid body.

Introduction
This paper considers the static analysis of conservative

systems in which the associated potential energy, V, is a
function of position only. We consider two rigid bodies,
one fixed and the other free, connected by any coupling
such that the system is conservative. The system is in
equilibrium when the partial derivative of V with respect to
each generalized coordinate, qi, vanishes. The stiffness
matrix, K, consists of the second partial derivatives of the
potential energy with respect to the generalized coordinates.
Since

Kij = 
¶ 2V

¶qi¶q j

,

it is clear that the stiffness matrix is symmetric.
However, in many mechanisms and in particular,

robots, it is desirable to use a so-called task space
coordinate system (rather than generalized coordinates) in
which the space of all three dimensional translations and
rotations is parametrized in terms of small rotations about
and small translations along the axes of a task space
reference frame. The changes in forces and moments due to
small motions along these basis twists are given by the
Cartesian stiffness matrix.

It was observed by Griffis and Duffy [3] that the
Cartesian stiffness matrix associated with a linear elastic
coupling between two planar rigid bodies is, in general,
asymmetric if the resulting forces and moments do not
sum to zero. Pigoski, Griffis, and Duffy [7] showed that
the stiffness matrix in the body-fixed reference frame is the
transpose of the stiffness matrix in the inertial reference
frame in the planar case. Ciblak and Lipkin [2] developed a
more general formulation of the same problem and
extended the above results to the spatial case.

In this paper, methods of differential geometry and
properties of Lie groups are used to show that in any
conservative system subjected to a non zero external load,
if one examines rigid body motions in three dimensions,
the resulting 6´6 stiffness matrix is asymmetric in any
inertial (fixed) or body-fixed reference frame. We prove that
when external forces or moments act on the system, the
stiffness matrix, in general, is asymmetric if the Lie
bracket of any two basis vectors is non zero. Further, we
derive several useful properties of stiffness matrices.
Finally, we outline a method to construct a symmetric
stiffness matrix by choosing an appropriate moving
reference frame that is not fixed to any rigid body. An
example is presented to illustrate our results.

Preliminaries
The special orthogonal group in k dimensions, SO(k),

is defined by:

SO k( )D R ÎRk ´k : RT R = RRT = I , det R( ) = 1{ }  (1)

where I is the k´k identity matrix. SO(3), which represents
the set of rotations of a rigid body in three dimensions is
of special significance in rigid body kinematics. T(k) is the
group of translations of a rigid body in k dimensions. It is
isomorphic to Rk. The special Euclidean group of rigid
body transformations, SE(k), is given by:

SE k( )D A ÎR k +1( )´ k +1( ): A =
R d
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The product operator of these finite dimensional Lie groups
is matrix multiplication.

The tangent space at the identity element of a Lie
Group is called the Lie Algebra. On SO(3), this tangent
space consists of all skew-symmetric 3´3 matrices, W [6].
Physically, each element represents the angular velocity of
a rigid body. The algebra is denoted by so(3). On SE(3),
the Lie algebra, denoted by se(3), is given by:

se 3( )D T ÎR4´4 : T =
W v
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The Lie bracket of two twists T1 and T2, is given by:
T = [T1, T2] = T1 T2 - T2 T1
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Figure 1  The motion A(t) and the two reference frames

The velocity of a rigid body
Let the motion of a rigid body be described by A(t) , a

curve on the SE(3) manifold. There are two natural ways of



identifying the tangent vector ÇA t( )  with an element of
se(3). To see this, consider a point on the rigid body and
treat A(t) as a coordinate transformation that transforms the
position vector, p, of the point in a body-fixed reference
frame, M,  to the position vector P in an inertial reference
frame, F  (Figure 1). It follows that:

P t( ) = A t( )p
ÇP = ÇAp = ÇAA -1P

(4)

In other words, the twist T is given by:

FT = ÇAA -1 =
W v
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ú, W = ÇRRT ,v = Çd - W d (5)

W is the angular velocity and v is the linear velocity of a
point on the rigid body that is coincident with the origin of
the inertial reference frame, O. Both vectors consist of
components in the inertial reference frame.

On the other hand, it is possible to identify the
tangent vector ÇA t( )  with the velocity expressed in the
body-fixed reference frame. The twist in the body-fixed
frame is given by [6]:

MT = A -1 ÇA =
W v

0 0
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ú, W = RT ÇR, v = RT Çd (6)

W is the angular velocity while v is the linear velocity of
the point OÕ, both expressed in the body-fixed frame.

Kinematics and Lie groups
Adopting the inertial frame representation of the twist

T(t)  as given in (5), we can describe the motion in Figure
1 by the differential equation:

dA t( )
dt

= T t( )A t( ), A 0( ) = I .

Wei and Norman [10] showed that the solution of this
differential equation can be written as the product of
exponentials in the form:

A t( ) = exp x i t( )L i( )
i=1

n
Õ (7)

where L1, L2, ..., Ln are a basis for the Lie algebra and
xi(t) are coordinates, provided that T(t) can be written as a
linear combination of the Li with scalar (and possibly
time-varying) coefficients. For so(3) and se(3), this
representation is valid in a neighborhood of the identity
element I.

Example
We choose the following basis vectors for se(3):

L1 =

0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0
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,L 2 =
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0 0 0 1
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,L 3 =

0 0 0 0

0 0 0 0

0 0 0 1

0 0 0 0
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L 4 =

0 0 0 0

0 0 -1 0

0 1 0 0

0 0 0 0
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,L 5 =

0 0 1 0

0 0 0 0

-1 0 0 0

0 0 0 0
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,L 6 =

0 -1 0 0

1 0 0 0

0 0 0 0

0 0 0 0
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These are the so called principal screws of the system of all
screws.  Let the coordinates be:

x = x1, x 2, x 3, x 4, x 5, x 6[ ]T

The factor exp(xi Li) is a 1-parameter subgroup whose
tangent vector is given by L i. x1=x, x2=y, and x3=z,
represent translations along the x , y , and z  axes
respectively. x4=qx, x5=qy, and x6=qz,  are consecutive
rotations about the x, y, and z axes respectively. Note that

although the ordering of the coordinates or the basis
vectors  is arbitrary, once chosen it is important to adhere
to the ordering because, in general,

exp x iL i( )exp x jL j( ) ¹ exp x jL j( )exp x iL i( ) (8)

A displacement of the moving body is given by:
A = exp x1L1( ).exp x 2L 2( ).exp x 3L 3( ).exp x 4L 4( ).

exp x 5L 5( ).exp x 6L 6( )

=

1 0 0 x 1

0 1 0 0

0 0 1 0

0 0 0 1
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1 0 0 0

0 1 0 x 2

0 0 1 0

0 0 0 1
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1 0 0 0

0 1 0 0

0 0 1 x 3

0 0 0 1
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1 0 0 0

0 C
x 4 -S

x 4 0

0 S
x 4 C

x 4 0

0 0 0 1
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x 5 0 S

x 5 0

0 1 0 0

-S
x 5 0 C

x 5 0

0 0 0 1
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x 6 -S

x 6 0 0
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x 6 C

x 6 0 0

0 0 1 0
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where we have used Cx and Sx to denote the cosine and
sine of x respectively. We return to this parameterization
throughout the paper to illustrate our results. n

Although the development in this subsection assumes the
inertial frame representation of the twist, a parallel
development is possible when the body fixed frame
representation of the twist is employed.

Twists and Wrenches
If we consider the manifold SE(3), at any point, every

tangent vector can be identified with a twist in se(3).
Corresponding to each twist is a screw axis about which
the (infinitesimal) twist occurs. Although we talk about a
wrench about a screw, a wrench cannot be treated as a
vector in the tangent space. If U is the vector space of all
twists, the space of all wrenches is the dual space of U, and
is denoted by U* [6].

We use superscripts to denote contravariant com-
ponents of vectors and subscripts to denote covariant
components of covectors that belong to the dual space.
Thus if E1, E2, ..., E6 are a basis for se(3), a twist T has
the component representation, T=T iE i (the Einstein
summation convention is implied here). Similarly, the
basis for the dual space of wrenches is denoted by F1, F2,
..., F6 and a wrench W  is written as W=WiFi. The dual
basis is defined so that it satisfies the relationship:

Fi E j( ) = Fi ,E j = d j
i (9)

Basis vectors
The tangent vector is obtained by differentiating A(t).

If xi (i=1,2,...,6) are coordinates
dA
dt

x1,x 2,x 3,x 4,x 5,x 6( ) =
¶A
¶x i

dx i

dt
(10)

where summation over i  is implied by repeating i. For
example, the twist in the inertial frame is given by

T = T iEi =
dA
dt

A -1 =
¶A
¶x i A -1æ
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ö

ø
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dx i

dt
(11)

It follows that:

T i =
dx i

dt
, Ei =

¶A
¶x i A -1æ
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ö

ø
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Again, this process can be repeated for the body fixed frame
representation of the twists. Note that the basis vectors are
functions of xi. At the identity, Ei = Li.



Example
In the coordinate system defined in (8), we can obtain

expressions for Ei. In particular, we can express them as
6´1 vectors of components with respect to the standard
basis L i. Near the identity element (xi=0), neglecting
second and higher order terms, we have:

E1 =
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,E5 =
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,E6 =
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Note that at the identity element, Ei(xi=0)=Li. But away
from the identity element, Ei  ¹ Li. The dual basis can
also be easily identified using (9) n

Stiffness matrices
The concept of a covariant derivative formalizes the

notion of differentiating a vector field on a curved
manifold. Consider a coordinate system xi, the basis twists
Ei, and a twist T=Ti Ei. Suppose we wish to determine
the rate of change of T with respect to xj. Then:

¶
¶x j T iEi( ) =

¶T i

¶x j Ei + T i ¶Ei

¶x j =
¶T i

¶x j + T kG kj
iæ

è
ç

ö

ø
÷ Ei  (13)

where G kj
i  are given by:

¶Ek

¶x j = G kj
i Ei (14)

The covariant derivative (see [11] for definition) of the
basis vector Ei along Ej is defined accordingly:

ÑE j
Ei = G ij

k Ek (15)

G ij
k  are the Christoffel symbols of the second kind. Note

that the basis vectors can be the basis twists in the fixed or
moving frame. Depending on which basis is employed the
coefficients G ij

k  are different.

The Christoffel symbols
Equation (14) gives a definition for the Christoffel

symbols. From (9), (13) and (15):

G ij
k = Fk ÑE j

Ei( ) = Fk ,
¶Ei

¶x j (16)

Example
Returning to our example, we can find the non zero

expression for the Christoffel symbols (using the inertial
reference frame representation) at the identity element:

G53
1 = -1, G61

2 = -1, G42
3 = -1, G65

4 = 1. G54
6 = 1,

G62
1 = 1, G43

2 = 1, G51
3 = 1, G64

5 = -1,

Note that for arbitrary i and j G ij
k ¹ G ji

k . n

The covariant derivative of a wrench
The rate of change of a wrench W=WiFi along the

twist (vector field) T =T i E i is called the covariant
derivative of W along T and is denoted by ÑTW .

ÑTW = T j ¶
¶x j WiF

i( ) = T j ¶Wi

¶x j - WkG ij
kæ

è
ç

ö

ø
÷ Fi (17)

A schematic representation of the vector fields is shown in
Figure 2. If A(t) :R ® SE(3) is a differentiable curve on

t
I

A(t)

SE(3)

xi

xj

¶A
¶xi

¶A
¶x j

ú A 

T

Figure 2  The tangent vector field to a curve t

the SE(3) manifold, ÇA t( )  is the vector field that is always
tangent to the curve. This vector field is identified with
T(t), a member of the tangent space at the identity element
or the Lie algebra se(3). The covariant derivative ÑTW  is
the derivative of the wrench W along the curve, A(t).

The Cartesian stiffness matrix
The Cartesian stiffness matrix describes small changes

in the components of a force (wrench) caused by  small
displacements along the basis twists. Since ÑTW
describes the rate of change of the wrench W acting on a
body due to a twist T of the rigid body, the components of
this covariant derivative are the components of the stiffness
matrix. These components are:

Kij = -
¶Wi

¶x j - WkG ij
kæ

è
ç

ö

ø
÷ (18)

Kij is a covariant tensor of rank 2. The negative sign in
front of the parenthesis in (18) is so that we conform to
the definition of the stiffness matrix generally used in the
literature. If we consider the twist, T=Dxi Ei, the Cartesian
stiffness matrix is a 6´6 matrix relating small changes in
the wrench W to the displacements Dxi:
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DW2

DW3

DW4

DW5
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(19)

From this point on we consider only conservative
systems in which the applied wrench, W, can be derived
from a twice-differentiable potential function V(x1, x2, ...,
x6 ). Then, the components of W  are obtained by
differentiating the potential function:

Wi = -
¶V
¶x i (20)

Substituting in Equation (18), we see that

Kij =
¶ 2V

¶x i¶x j + WkG ij
k =

¶ 2V
¶x i¶x j -

¶V
¶x k G ij

k (21)

For a general potential field f, because the first term on
the right hand side is always symmetric with respect to the
indices iÊand j, the stiffness matrix is symmetric if and
only if the second term is symmetric. Thus we get:



Theorem 1
The Cartesian stiffness matrix is symmetric for an
arbitrary potential function if and only if the

Christoffel symbols Gij
k  are symmetric with respect

to i  and j , or the applied wrench is zero (W=0).

Remarks
1. This result is valid for any reference frame (moving

or fixed), and for any set of coordinates and basis vectors.
2. The theorem is consistent with the results of

Pigoski, Griffis and Duffy [3,7], and those of Ciblak and
Lipkin [2], although these results were derived only for
linear elastic couplings. Our theorem is valid for any
conservative system and any reference frame.

Choice of coordinates
As shown in the example, it is possible to express the

basis vector Ei in terms of the principal screws Li . For
any two twists, T and S, with components Ti and Si  with
respect to the basis vectors Li,

ÑST - ÑTS= S j ¶T i

¶x j - T j ¶Si

¶x j

æ

è
ç

ö

ø
÷ L i = T,S[ ]

From this we can conclude that

ÑE i
E j - ÑE j

Ei = Ei , E j[ ] (22)

If we denote the structure constants [8] of the Lie Algebra
by Cij

k , so that

Li , L j[ ] = Cij
kLk (23)

and recall the definition in (15), then at the identity
element, (22) can be written in terms of components:

G ji
k - G ij

k = Cij
k

Thus, the asymmetry of the Christoffel symbols, depends
only on the basis vectors and their ordering. The
asymmetry of the Cartesian stiffness matrix is given by:

K ji - Kij = Cij
kWk (24)

From Equation (23), we can deduce the following result.

Corollary 1
In a loaded configuration (W ¹0), the Cartesian
stiffness matrix with respect to some basis is
symmetric for an arbitrary potential function if and
only if all the Lie brackets of the basis vectors vanish.

Example
With respect to the basis vectors in the example, the

non zero structure constants in se(3) are:
C15

3 = -C51
3 = 1, C42

3 = -C24
3 = 1, C64

5 = -C46
5 = 1,

C61
2 = -C16

2 = 1, C34
2 = -C43

2 = 1, C56
4 = -C65

4 = 1,

C26
1 = -C26

1 = 1, C53
1 = -C35

1 = 1, C45
6 = -C54

6 = 1.

(25)

Thus for SE(3), if Kij are the components derived in the
fixed (inertial) frame, it is clear from Equation (23) that Kij
= Kji, if and only if W=0. However, if we consider T(3),
and the basis {E1, E2, E3} for the corresponding Lie
algebra, all the structure constants vanish. Thus, for T(3),
the stiffness matrix is symmetric. n

The components of the Cartesian stiffness matrix
depend on the choice of reference frame and on the ordering
of the basis vectors. When the motions in SE(3) are

considered, the basis vectors must span the Lie algebra,
se(3). Further, the brackets of all pairs of basis vectors of
se(3) will themselves span se(3) [8, page 27]. Thus, in
Equation (23), for all k, there exists some i, j, such that
Cij

k = -C ji
k ¹ 0 . (This is clear from (25)). Therefore, for

any W, there exists some i, j, such that the right hand side
of Equation (24) is non zero. Thus we have the result.

Theorem 2
For any conservative system undergoing motions in
SE(3), the Cartesian stiffness matrix with respect to a
basis of twists in the inertial or in the body-fixed
frame is symmetric if and only if W=0.

Coordinate and non coordinate basis vectors
A set of basis vectors is called a coordinate basis if

each basis vector can be expressed as a derivative with
respect to any of the coordinates [9, page 49]. Because the
Lie bracket of any two coordinate basis vectors will vanish
[9], we have the following corollary:

Corollary  2
For any conservative system, the Cartesian stiffness
matrix in any coordinate basis is always symmetric.

It is possible to show that there does not exist a set of
basis vectors belonging to the Lie algebra, so(3), that are a
coordinate basis for the manifold, SO(3). The well-known
physical interpretation is that finite rotations do not
commute. The same argument is easily extended to SE(3)
¾ there is no coordinate basis in se(3). However, in some
subgroups of SE(3) (such as T(3)) a coordinate basis does
exist. In summary, the asymmetry in Equation (18) is
because of our preference for describing small motions as
twists in se(3) and forces/moments as wrenches in se(3)*.

A symmetric reference frame for SE(3)
The relationship between twists in the body-fixed

(moving) frame, MT, and in the inertial (fixed) frame, FT,
is obtained from the adjoint action  of the group.

FT = AdA
MT( ) = A MT( )A-1

MT = Ad
A-1

FT( ) = A-1 FT( )A
(26)

where  AdA(.) denotes the adjoint action of A on (.). The
basis vectors, MEi  and FEi , are similarly related by (26).
From this, one can show that for any conservative system,
the stiffness matrix in the inertial frame is the transpose of
the stiffness matrix in the body-fixed frame.

A general question that one may ask is whether it is
possible to find a reference frame in which the Cartesian
stiffness matrix is symmetric. The answer to this is yes.
We define Q so that

Q.Q=A
Thus, Q is a member of the same 1 parameter subgroup as
A. If L denotes the twist whose exponential is A, there
exists a parameter s  such that

A = exp(Ls),    and     Q =  exp(
1
2

Ls)

The physical interpretation of this frame is that its
velocity, instantaneously, is half the velocity of the
moving frame. The basis vectors in Q are given by:

QEi = Q-1 A,i A-1( )Q (27)



It can be shown that the derivatives 
¶ QEi

¶x j  and 
¶ QE j

¶x i  are

equal when x i=0. This implies the symmetry of the
stiffness matrix at the identity. The resulting symmetric
stiffness matrix is the average of the stiffness matrix in the
moving frame and that in the fixed frame:

K (s)
ij =

1
2

F Kij + F K ji( ) =
1
2

F Kij +M Kij( ) (28)

5. Example
We demonstrate these results using the example of a

rigid body connected by a linear spring to a fixed surface. If
kn is the linear spring constant, and ra, rb are the position
vectors to the two ends of the spring, the spring provides a
force on the object given by kn (ra - rb) (assuming the free
length of the spring is zero). If we let F and M refer to the
equilibrating external forces and moments, respectively,
acting on the object in the initial config-uration, while F'
and M ' refer to the forces and moments, respectively, in
the displaced configuration, and refer all quantities to the
fixed frame, {F}, it can be seen that:

F = kn (ra - rb)    F' = kn (ra - (d + R rb))
M  = ra ´ F        M ' = ra ´ F'

where R is the rotation matrix, and d is the displacement
that relates {M} to {F}. The stiffness matrix in the fixed
frame, {F}, is given by:

kn

1 0 0 0 rb
3 -rb

2

0 1 0 -rb
3 0 rb

1

0 0 1 rb
2 -rb

1 0

0 -ra
3 ra

2 ra
2rb

2 + ra
3rb

3 -ra
2rb

1 -ra
3rb

1

ra
3 0 -ra

1 -ra
1rb

2 ra
1rb

1 + ra
3rb

3 -ra
3rb

2

-ra
2 ra

1 0 -ra
1rb

3 -ra
2rb

3 ra
2rb

2 + ra
1rb

1
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where, for example, rb
i  is the ith  component of the

position vector rb. If we instead had wished to refer all
quantities to the moving frame, {M}, we would now have
the following expressions for F' and M':

F' = kn (RT(-d + ra) - rb ) M ' = rb ´ F'
These two expressions lead to the stiffness matrix in the
moving frame {M}, given by:

kn

1 0 0 0 ra
3 -ra

2

0 1 0 -ra
3 0 ra

1

0 0 1 ra
2 -ra

1 0

0 -rb
3 rb

2 ra
2rb

2 + ra
3rb

3 -ra
1rb

2 -ra
1rb

3

rb
3 0 -rb

1 -ra
2rb

1 ra
1rb

1 + ra
3rb

3 -ra
2rb

3

-rb
2 rb

1 0 -ra
3rb

1 -ra
3rb

2 ra
2rb

2 + ra
1rb

1
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Finally, consider the special symmetric frame of
reference, {Q}. In frame {Q}, we have:

F' = -kn (RQ)T (ra - (d + R rb))

M' = ((RQ)T (
1
2
 d) + RQ rb) ´ F'.

where RQRQ = R. This gives the stiffness matrix:

kn

2

2 0 0 0 ra
3 + rb

3 -ra
2 - rb

2

0 2 0 -ra
3 - rb

3 0 ra
1 + rb

1

0 0 2 ra
2 + rb

2 -ra
1 - rb

1 0

0 -ra
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3 ra
2 + rb

2 2(ra
2rb

2 + ra
3rb

3 ) -ra
1rb

2 - ra
2rb

1 -ra
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1
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1 2(ra
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As predicted, the stiffness matrix is symmetric. It is one
half the sum of the stiffness matrices in {F} and {M}.

{M}

{F}

{Q}

Initial
Position

Displaced 
Position

rb
ra

d

Figure 3  Stiffness matrices in different reference frames

Conclusion
The main contribution of this paper is to generalize

the results of two prior papers [2,7] concerning the
structure of 6´6 Cartesian stiffness matrices and establish
the group theoretic foundation for these results.  The two
key results are: (a) in any conservative system subjected to
a non zero external load, if motions in S E (3) are
considered, the resulting 6´ 6 stiffness matrix is
asymmetric in any inertial (fixed) or body-fixed reference
frame; and (b) The asymmetry of stiffness matrices is due
to the properties of the Lie algebra of twists. Our results
apply to any subgroup of SE(3) and any coordinate system
or basis vectors. Finally, we show how to construct
symmetric stiffness matrices by finding special moving
reference frames and basis vectors in which the Cartesian
stiffness matrix is symmetric.
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