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Abstract

This paper addresses the general problem of gen-
erating smooth trajectories between an initial and a
final position and orientation. A functional depend-
ing on velocity and its higher deriwatives involving a
left invariant Riemannian metric on SE(3) is used to
measure the smoothness of a trajectory. The problem
of determining a smooth trajectory between two points
is formulated as a variational problem on SE(3). We
derive necessary conditions for the shortest distance
and minimum jerk trajectories and solve the resulting
two-point boundary value problem.

1 Introduction

There are many applications in which the prob-
lem of generating smooth three-dimensional trajecto-
ries for a rigid body is encountered. In robotics, it
is frequently necessary to plan movements between
a given (start) end-effector position and orientation
and a desired (goal) position and orientation [1]. In
robotics, smooth trajectories are desired because (a)
the electro-mechanical system is limited by its actua-
tor size and its control bandwidth so it cannot produce
large velocities and accelerations; and (b) movements
with high acceleration and/or jerk can excite the struc-
tural natural frequencies in the system. The genera-
tion of smooth trajectories is also of direct relevance
for simulating human motion in computer graphics.
Flash and Hogan [2] show that humans plan trajecto-
ries that minimize the integral of the Cartesian jerk in
point to point reaching motions.

There is extensive literature on trajectory gener-
ation in kinematics, robotics and computer graphics
[3]. The screw motion is a basis for the schemes in [4],
[5] and [6]. Although the screw displacement is invari-
ant with respect to rigid body transformations, it does
not optimize a meaningful cost function [7]. Ge and
Ravani [8] discuss motion interpolation in an oriented
projective space for computer-aided geometric design.
A similar approach using quaternions is discussed in
[9] for computer animation of rotating rigid bodies.
This works do not address the choice of metrics. In
contrast, Park and Ravani [10] use the scale-dependent

left invariant metric to design Bezier curves for three-
dimensional rigid body motion interpolation. Noakes
et al. [11] use a bi-invariant metric to define cubic
splines on the group of rotations SO(3).

In this paper, trajectories that maximize an appro-
priate measure of smoothness in the form of an integral
cost function are proposed. Depending on the chosen
integrand, boundary conditions on the derivatives of
the desired order can be enforced. The dynamics of
the rigid body can be modeled by choosing the La-
grangian as the cost function. To demonstrate the
method we derive necessary conditions for the short-
est distance and minimum jerk trajectories. The an-
alytical expressions for the trajectories are computed
for some special but important cases.

Because of limitation on space we provide the re-
sults without proofs. The interested reader should
consult [12] for details and [7] for a discussion on the
choice of metrics for SE(3).

2 Kinematics and Lie groups

Consider a rigid body moving in free space. As-
sume an inertial reference frame F' fixed in space and
a frame M fixed to the body at point O’. At each
instance, the configuration (position and orientation)
of the rigid body can be described by a homogeneous
transformation matrix corresponding to the displace-
ment from frame F to frame M. The set of all such
matrices is called SE(3), the special Euclidean group
of rigid body transformations in three-dimensions [13].

On a Lie group, the tangent space at the group
identity has the structure of a Lie algebra. The Lie
algebra of SFE(3) is denoted by se(3) and is given by:

5.5(3):{[%2 8 ],QElRSXS,UEIRB,QT:_Q}.

Each 3 x 3 skew-symmetric matrix €2 can be uniquely
identified with a vector w € IR®. An element 7' € se(3)
can be thus identified with a pair {w, v}. Physically, w
is the angular velocity of the rigid body, while v is the
linear velocity of the point O’. The Lie algebra se(3)
is thus isomorphic to the set of all twists.



Given a motion of a rigid body described by a curve
A(t), a twist T can be computed at each point by:

T=A"tA (1)

The twist computed in this way consists of velocities
that physically correspond to the angular velocity of
the rigid body and the linear velocity of the point
on the rigid body that is coincident with the origin
O’ of the frame M, both expressed in the frame M.
The twist 1" is said to have been obtained by the left-
translation of the tangent vector A. It is easy to check
that 7' does not depend on the choice of the inertial
frame F'.

A set of basis twists which correspond to instanta-
neous rotations about and instantaneous translations
along the Cartesian directions will be used as a basis
for se(3) throughout the paper:

(00 0 0 0-100 00007
00-10 1000 0001
Li=to1 00l %=|0000|“=]0000
(00 0 0] 0000 0000 ]
[0 010] 0001 00007
0 000 0000 0000
La=1 1000 = |ooo00| “=]0001
| 0 000 ] 0000 (0000 ]

This basis has the useful property that the compo-
nents of a twist 7' € se(3) are given precisely by the
pair of velocities, {w,v}.

The product operation on a Lie algebra is called a

Lie bracket. On se(3), the Lie bracket of two elements
t; = {w1,v1} and ty = {ws, va} is given by

w w1 X W2
['U]_[w1><'uz—|—'lewz ' (2)
A smooth assignment of a tangent vector to each
point of SE(3) is called a vector field. One possible
way to define a vector field, X, at an arbitrary element
A€ SE(3) is: )
X(A) =T(A) = AT, (3)
where T' € se(3). Such vector field is called a left in-
variant vector field. There is obviously a one-to-one
correspondence between the left invariant vector fields
and elements of se(3). Since Ly, Ls, ..., Lg are a ba-
sis for se(3), an obvious choice of the basis for the set
of the left invariant vector fields is {L1, Lo, ..., Lg},
where L is obtained from L; according to Equation
(3). But at any point the vector fields Li,...,Lg are
linearly independent, so any vector field X can be ex-
pressed as

6
X=> XL (4)
i=1

where the coefficients X! vary over the manifold (if
they are constant then X is left invariant). Through-
out the paper, we will associate with each vector field

X the vector pair {w, v}, defined by
w=[X" X% X, v=[X* X% X

]

3 Riemannian metrics on SFE(3)

An inner product on se(3) can be extended to a Rie-
mannian metric on SE(3) [14]. Let the inner product
of two elements 71,75 € se(3) be given by

<T1,T2 >r= t{Wtz, (5)

where t; and t; are the 6 x 1 vectors of components
of T} and T, with respect to some basis and W is
a positive definite matrix. If V; and V., are tangent
vectors at an arbitrary point A € SE(3), the inner
product < Vi, Vy >4 in the tangent space T4 SE(3)
can be defined by:

<V, Vo >a=< A7V, AWy > (6)

The metric obtained in such a way is called a left
invariant metric [14]. A right invariant Riemannian
metric can be defined in a similar way.

There is no natural choice of a Riemannian metric
on SE(3), but it can be shown that no bi-invariant
Riemannian metric exists [15]. In other words, there
is no metric that is invariant with respect to changes
in inertial frame and with respect to changes in the
body fixed frame. Park and Brockett [16] suggested
the left invariant Riemannian metric where the matrix
W in Equation (5) is given by:

Yoo ™)

and « and 3 are positive scalars which act like scaling
factors for angular velocities and linear velocities. In
kinematic analysis there is no a priori justification for
choosing them. Because a left invariant metric is inde-
pendent of the choice of the inertial reference frame,
we will use appropriate left invariant metrics in this
paper. A more detailed investigation on the choice of
possible Riemannian metrics is reported elsewhere [7].

In dynamic analysis, the kinetic energy of a rigid
body is a scalar invariant and therefore it makes sense
to define the matrix W according to the inertial prop-
erties of the rigid body:

W:[Ig 0]. (8)

v-|

mli

Matrix H is the inertia tensor of the rigid body and
m is its mass. Matrix H can be made diagonal if the
body-fixed reference frame is attached at the centroid
and its axes are aligned with the principal axes. The
metric (8) is also invariant with respect to the choice
of the inertial reference frame and the squared norm
of a velocity vector at a point equals to the kinetic
energy of the rigid body.



Remark: Both metrics, (7) and (8) can be shown
to be product metrics (see [12]) so the calculations
in the examples could be considerably simplified by
performing them on the product space SO(3) x R®
rather than on SE(3). However, the key results in
this paper are derived for a general metric and are not
limited to product metrics. Thus, the derivations do
not assume a special product structure for SFE(3).

4 Covariant derivative

The motion of a rigid body can be represented by
a curve, A(t) on SE(3). The velocity at an arbitrary
point is the tangent vector to the curve at that point.
In order to obtain other kinematic quantities, such
as acceleration and jerk, or to engage in a dynamic
analysis, it i1s necessary to differentiate the velocity
vector field along the curve. If the manifold SE(3)
is embedded in the space of all 4 x 4 matrices, differ-
entiation can be carried out in the Euclidean space
IR***. Instead, by defining the covariant derivative of
a vector field, we obtain a derivative that is intrinsic to
SE(3) and results that do not depend on the ambient
space. Further, such framework is applicable to any
Riemannian manifold. The notion of affine connec-
tion is instrumental in the definition of the covariant
derivative. An affine connection basically provides a
way to compare tangent vectors that lie in different
tangent spaces. If V is the affine connection, the co-
variant derivative of a vector field V along a curve A(%)
is given by 2V = VaaV [14].

Ifv{) = % is the velocity of the rigid body for the
motion A(t), the acceleration is given by the covariant
derivative of the velocity along the curve

D dA
dt dt
The next derivative, jerk, is Vi Vy V. Note that the

acceleration and jerk (unlike the velocity) depend on
the choice of the connection.

=VyV

4.1 Riemannian connection

Given a Riemannian manifold (a manifold with a
Riemannian metric), there exists a unique connection,
called Levi-Civita or Riemannian connection, which is
compatible with the metric and symmetric. It can be
shown [14] that if V is the Riemannian connection,
then for any three vector fields X, Y and 7,

<Z,VxY>=HY<X, Z>4+X<ZY>-Z<X,Y>+
<[Z,Y],X>+<[Z,X],Y >+ <[X,Y],Z>}. (9)

Once we introduce a left invariant metric on SFE(3),
we can find the corresponding Riemannian connection
directly from Equation (9).

Proposition 4.1 Let X = XiL; and Y = Y'L; be
two arbitrary vector fields with the corresponding vec-
tor pairs {wg, vz} and {wy, vy }.

(a) The Riemannian connection corresponding to the
Riemannian metric (7) is given by
dw, 1 dv,

VxY = {4 Sy xwy,

7 3 +we X vy}, (10)

where & is the derivative along the integral curve

i
of X.

(b) The Riemannian connection corresponding to the
Riemannian metric (8) is given by

V¥ = B 4 [ x ) + BN x (He))
HH ™ (wy x (Hea))] 52 +we x vy} (1)

It is important to note that Equation (10) is inde-
pendent of the choice of the constants « and § and
that the translational component of VxY in (11) is
independent of the choice of matrix H and thus the
choice of metric on SO(3).

We will also need expressions for the Riemannian
curvature [14] corresponding to the Riemannian con-
nection (10).

Proposition 4.2 If X, Y and Z are three arbitrary
vector fields on SE(3) with the associated vector pairs
{wg, vz}, {wy, vy}, and {w,, v, }, the Riemannian cur-
vature corresponding to the Riemannian connection
(10) is 1
R(X,Y)Z = {Z(wx X wy) X w;,0} (12)

If V is the velocity associated with the motion A(t)
of a rigid body and {w, v} is the corresponding veloc-
ity pair, adopting metric (7) the acceleration can be
computed from Equation (10):

VyV ={w,v+wx v} (13)

The third derivative of motion, jerk, can be obtained
by considering the covariant derivative of the acceler-
ation along the curve:

VyVuV = {9 4 1y x o, L00X0) 4 x (i +wx )}

These expressions can be seen to be the usual expres-
sions for the acceleration and jerk [12].

5 Necessary conditions for optimality

In this section we consider trajectories between a
starting and a final position and orientation that min-
imize integral cost functions while possibly satisfying
additional boundary conditions. The cost function
can be the kinetic energy of the rigid body, or some
other measure of smoothness involving velocity or its
higher derivatives. In particular, we will be interested



in curves A : [a,b] — SE(3) that minimize integrals of
the form

b dA. . dA
J_/a <h(dt)’h(dt)>dt (14)
where boundary conditions on A(t) and its derivatives
may be specified at the end points a and b. The func-
tion h returns a vector field and in our case depends
on the connection.

The necessary conditions for the optimal trajecto-
ries will be derived using calculus of variations on man-
ifolds [11, 14]. We illustrate the basic approach with
the simple example in which the cost function is the
energy functional:

b
J:LEI/ <
a

and the solution is known to be a minimal geodesic on
SE(3) [14, 17].

Let f(s,t) be a variation of A(t), that is f(0,t) =
A(t), and let V = w and S = W' Using
the properties of the Riemannian connection, the first
variation of Lg can be computed as follows:

dA dA

= > dt
dt’dt>

: (15)

() =24 [P <vV>dt =15 [) <V, V> dt
= [P <VsV,V>dt [ <VyS, V> dt
= [V <S,V>— <S5 VyV>)dt
=<S V> —fab <S8, Vy V> dt. (16)
Equation (16) must be satisfied for an arbitrary vari-

ational vector field S, so if A(t) = f(0,1) is a critical
point:

VvV =0, (17)
where V = %ﬁ. We thus obtain, as expected, the

equation defining a geodesic.
To solve Equation (17) and find the geodesics on
SE(3), we express V as a linear combination of left

invariant vector fields ﬁl,.
tion (4).

..,f/@ according to Equa-

Proposition 5.1 If A(t) is a geodesic for the metric
(7), the vector pair {w, v} corresponding to the velocity
vector field V = % must satisfy the equations:

Lo — L= —wx . (18)

It is worth noting that the above result is independent
of the choice of the scale factors & and 3. The neces-
sary conditions for the minimum jerk curves derived in
the next subsection will also have the same property.

5.1 Minimum jerk curves

The minimum jerk curve between two points is ob-
tained by minimizing the integral of the norm of the
Cartesian jerk, provided that the appropriate bound-
ary conditions are given. In particular, minimum jerk
trajectories are well defined when the initial and fi-
nal velocities and accelerations are specified. Such
trajectories are particularly useful in robotics where
one is generally able to control the acceleration of the
end effector of a robot (and therefore the velocity and
position) but the electro-mechanical actuators cannot
produce sudden changes in the acceleration. It is in-
teresting to note that Flash and Hogan [2] suggest that
humans plan trajectories that minimize such an inte-
gral measure of the jerk when reaching from one point
to another.

The minimum-jerk cost functional is:

b
JILJI/ <VyVyV,VyVyV>dt (19)
a
where as before V = dggt). The curve must start and
end at the desired points on the manifold and with the
desired velocities and accelerations. We arrive at the
necessary conditions for the solution by following the
same approach as in the previous subsection.

Theorem 5.2 Let A(t) be a curve on a Riemannian
manifold with the metric (7) that satisfies the bound-
ary conditions (that is, it starts and ends at the pre-
scribed points with the prescribed velocities and accel-
erations) and let V = %. If A(t) minimizes the func-
tional Ly (Equation 19), then:

ViV 4 R(V,VEV)V = R(VyV,VEV)V = 0. (20)

5.2 Minimum energy curves

In this subsection, we consider the kinetic energy
of the rigid body as a cost function and determine
trajectories that minimize the energy over the entire
trajectory. We therefore compute the geodesics corre-
sponding to the metric (8).

Proposition 5.3 If A(t) is a geodesic for the metric
(8), the vector pair {w,v} corresponding to the velocity
vector field V = % must satisfy the equations:

Lo — _H~Yw x (Hw)) L= —wxv. (21

6 Solutions for optimal trajectories

6.1 Shortest distance path on SF(3)

Using properties of Riemannian covering maps,
Park showed [17] that the geodesics on SE(3) can be
obtained by lifting the geodesics from SO(3) and IR®.
We derive this result directly from Equation (18).



Figure 1: Trajectory of an object following: (a) the shortest distance path (no boundary conditions on the velocities and accelerations);
(b) the minimum energy path; and (c) the minimum jerk motion (with zero velocities and accelerations at both end points).

Proposition 6.1 Given two positions and orienta-
tions

Ry d Ry d
A1:[01 11] and Azz[(f 12]

the shortest distance path (geodesic) is given by
R(t) = R1 eXp(Qot) d(t) = t(dg - Cll) + d1 (22)

where
Qo = log(RT Ry)

and exp and log are matriz exponential and logarithm

(see [13]).

It is interesting to compare this shortest distance
trajectory to the trajectory that minimizes the kinetic
energy. According to the Hamilton’s principle [18] for
holonomic systems a trajectory that minimizes the in-
tegral of the energy is given by the dynamic equations
of motion. We found the necessary conditions for this
trajectory in Equation (21). The rotational part in
Equation (21) are the Euler equations which, in gen-
eral, do not admit an analytical solution. However, it
is easy to compute the translational trajectory of the
rigid body: The point O’ (which was chosen to coin-
cide with the center of mass) travels in a straight line
with a uniform velocity between the initial and final
position of the rigid body. This is true for an arbi-
trary choice of the positive-definite matrix H and as
a special case contains the solution for the metric (7)
obtained in Equations (22). The result is also the geo-
metric statement of Newton’s second law: The center
of mass of the rigid body (the origin O') travels in a
straight line if no external force acts on the body.

The shortest distance trajectory given by Equations
(22) and the dynamically-correct trajectory given by
Equation (21) for a homogeneous rectangular prism
(5 x 1 x 3 cubic units) are shown in figures 1(a) and
1(b). Figure 1(a) shows the motion along the short-
est distance path (the geodesic) given by Equations
(22). The center of mass of the object moves along

the straight line connecting its initial and final posi-
tion while the body rotates from its initial to its final
orientation. Figure 1(b) shows the trajectory that the
rigid body would follow according to the principles
of rigid body dynamics if it were launched with the
appropriate initial condition and were not subject to
external forces. This is a geodesic for the metric de-
fined in Equation (8). The center of mass again travels
along the straight line, but the body rotation is gov-
erned by the Euler (dynamic) equations. The trajec-
tory was computed numerically by solving a two-point
boundary value problem. See [19] for a discussion of
the numerical methods. Note that the shape and mass
distribution of the rigid body is only relevant to the
trajectory in Figure 1(b). Finally, it is worth noting
that these trajectories are very different from the screw
motion between the initial and final position [12].

6.2 Minimum jerk trajectories with the
homogeneous boundary conditions

In general, the rotational components of the neces-
sary conditions for the minimum jerk curves (Equation
20) cannot be solved analytically. However, in the spe-
cial case when the initial and final velocities and the
initial and final accelerations are prescribed to be 0, an
analytical solution of these equations can be obtained.

Proposition 6.2 The minimum jerk trajectories in
the case when the initial and final velocities and the
wnitial and final accelerations are prescribed to be 0
are given by

R(t) = R1 exp(p(t)Qo) d(t) = p(t)(dQ — dl) + dQ,
where p(t) = 6t° — 15t* + 10t> and the constants Qq,

dy and ds can be determined from the initial and final
positions.

Corollary 6.3 When there are homogeneous bound-
ary conditions in wvelocities and accelerations, the
minimum jerk trajectories follow the same path as
the shortest distance path, only the parameterization
changes.



The minimum jerk trajectory for the previous ex-
ample is shown in Figure 1(¢). Comparing this trajec-
tory with the minimum distance trajectory in Figure
1(a), it is evident that the path followed by the rigid
body is the same. However, the minimum jerk trajec-
tory must start and end with zero velocity and zero
acceleration. Therefore, the velocity starts from zero
with zero acceleration, rises to a peak and then de-
creases to zero with zero acceleration.

7 Conclusion

This paper addresses the general problem of gen-
erating kinematically and dynamically optimal trajec-
tories for a rigid body between an initial and a fi-
nal position and orientation while satisfying bound-
ary conditions on the derivatives at these positions.
The problem is formulated as a variational problem
on the Lie group of rigid body motions SE(3). We
define a metric on the Lie algebra se(3) leading to a
left invariant Riemannian metric, which in turn gives
rise to a Riemannian connection on SF(3). We show
that the acceleration computed using this connection
corresponds to the acceleration of the rigid body. We
formulate the geodesic equation and analytically com-
pute its solution by expressing the tangent vector field
in the appropriate basis. Finally, we show how the nec-
essary conditions for the cost functions that involve
the norm of any vector-valued function can be com-
puted. We present solutions for the extremals when
the cost functions are distance, energy and the norm
of the jerk.
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