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Abstract virtual environment. Consequently, such haptic systems are
hybrid in the sense that when the user touches different ob-

This paper investigates haptic interaction with virtual envi- J€Cts in the virtual environment, she is switching between
ronments composed of objects with diverse dynamic prop- different dynamic behaviors. A key issue involved in such
erties. Passivity is often used for stability analysis of haptic SWitching is that of stability.

systems. We demonstrate that when the dynamics of the

virtual environment during the interaction changes, the ap- S0 far the hybrid nature of haptic systems has not been ac-
proaches using traditional notion of passivity fail. We then knowledged. This can be attributed to the lack of techniques
show that a recently proposed notion of passivity for hybrid for the design of hybrid controllers, a subject of consider-

systems can be used to design stable interaction strategies@Ple research [11, 12, 13]. On the other hand, stability of
for such systems. hybrid systems has been well studied and several results ex-

ists [14, 15, 16, 17, 18, 19]. The aim of this paper is to
show how these results can be applied to haptic systems. In
particular, we show that a notion of passivity for hybrid sys-
1 Introduction tems developed in [20] can be used to design stable haptic
interaction strategies for complex virtual environments.
Stability of haptic systems and a closely related problem of
bilateral manipulation has been of considerable interest to The paper is organized as follows. We first briefly review the
many researchers. One of the major obstacles to stability definition of passivity for continuous systems and describe
in such systems proved to be time delay, either in the form how it applies to haptics. We show why such an approach
of communication delay or due to computation. Passivity fails if the user haptically interacts with objects that have
emerged as an especially powerful paradigm to study sta- different dynamic properties. We then discuss the notion of
bility of both linear and non-linear systems with time-delay ~ passivity for hybrid systems and show how it can be used to
[1, 2, 3, 4]. It has been shown that several other factors also design stable haptic interaction strategies. We conclude the
affect the stability in haptic systems [5], but passivity is still  paper with an example.
well suited for their analysis. In [6] and [7], passivity has
been used to analyze the stability of haptic displays interact-
ing with linear and passive environments. Passivity analysis 2 Passivity and its application to haptics
based on linear circuit theory was used for stability analysis
in [8]. The most general stab_il?ty _results for haptic syste_ms A system defined by:
are derived in [9] where passivity is shown to be appropriate
for the analysis of both passive and non-passive, and lin- x= f(x,u)
ear and non-linear environments than can be implemented y = h(x,u) (1)
using either implicit or explicit numerical methods. In this ] o ]
analysis, the lack of passivity in the virtual environment is  Wheref(0,0) = 0 andh(0,0) = 0 is passiveif there exists
compensated by designing so called virtual coupling such act positive semidefinite functiod (x) (called the storage
that makes the haptic system passive and hence stable. Afunction) such that:
new method that actively controls the energy flow into the T T T
system in order to guarantee passivity is described in [10]. Uy= 4 Teuu+ dy'y V(xu) )

wheree andd are nonnegative constants. One can define the
passivity of sampled-data systems similarly: a sampled-data
system is passive if there exists a discrete storage function
W such that

In majority of works above, a single non-linear function is
proposed to describe the dynamics of a virtual environment
(see e.g. [9]). However, a complex virtual environment
might not be suitably represented in this way. Represen-
tation by multiple functions is often more natural and bet- u(k)Ty(k) > AW(K) J,-su(k)Tu(k) +5y(k)Ty(k)

ter reflects the nature of the interaction of the user with the
whereAW (k) = W(k+ 1) —W(k), ande andd are nonneg-

1This research is supported in part by NSF grant 11S-0093581. ative constants. In both casesgif> 0 the system isnput
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Figure 1: Graphical representation of the haptic display.

strictly passive(e-ISP), and ifd > 0 the system isutput
strictly passivgd-OSP).

The intuitive interpretation of this definition is that passive
systems can not generate energy on their own. It can be
shown that if the system is passive and the storage func-
tion is positive definite, the origin is a stable equilibrium
point. In this case the storage functivhbecomes a Lya-
punov function. What makes passivity further useful for the
stability analysis is that, loosely speaking, an interconnec-
tion of passive systems is again passive. This observation
has been the basis for the stability proofsin [1, 2, 6, 7, 8, 9].

A concept that proved useful in the design of haptic systems
is so called virtual coupling [21]. Virtual coupling decou-
ples the haptic device control problem from the virtual scene
generation. A schematic of a haptic display connected to a
virtual environment through the virtual coupling is shown in
Figure 1 [9]. In the figureH is the human operatad¥] is the
haptic device( is the virtual coupling, ané is the virtual
environment. A common assumption in the stability anal-
ysis of haptic systems is that the human behaves passively.
Assume that the human and the haptic deviceaBSP and

the virtual coupling is~-OSP. Leto be the amount by which
the virtual environment lacks ISP. It was shown in [9] that if
the virtual coupling is designed so that

oa

Y= 3_a’ Q)

then this class of non-linear non-passive environments can
be displayed stably for all passive

It is natural to assume that the virtual coupling and the

virtual environment are discrete-time systems, while the
human-device subsystem is a continuous system. If the
human-device subsystem is controlled with a discrete-time
controller, the passivity (and therefore stability) of the over-

all system can be analyzed in the discrete-time domain.
Again, it was shown in [9] that the system will be passive

if in addition to Eq. (3) it holds that

oT

6>7,

whereo is the magnitude of the largest negative slope of
the non-linear function describing the stiffness of the virtual
environment and is the sampling time of the human-device
system.

3 Complex virtual environments

Representing the dynamics of the virtual environment by
several functions is often more natural and better reflects the
nature of the virtual environment than a single non-linear
block. For example, an environment may consist of objects
whose dynamics are unrelated. Furthermore, a virtual cou-
pling designed for a complex virtual environment will be
quite conservative since it needs to be designed for the least
passive object in the virtual environment. Since the virtual
environment introduces distortion in the haptic perception
of the environment it would seem natural to have a differ-
ent virtual coupling for each object and then switch between
them when the user interacts with different objects. For ex-
ample, suppose we are simulating a device such as a phone
having different buttons and we want the feel of one button
to be different than those of the other buttons. Since such a
system needs to switch between different dynamic regimes
in response to the user action it can be modeledraded
system

The following example shows that while having differ-
ent virtual couplings promises better performance, care is
needed when implementing such hybrid virtual environ-
ments. Consider a virtual environment made up of two re-
gions with different dynamic properties. When the human
interacts with a particular region, the virtual environment
that describes that region is switched on. The state of the
virtual environment that switcheaff is passed to the system
that is switchedn. The dynamics describing each region is
second order and is constructed so that each region lacks ISP
by a different amount. The user interacts with the virtual en-
vironment through a 1-DOF haptic display as depicted in
Figure 1. A virtual coupling is designed for each environ-
ment to guarantee that the interaction with that environment
is stable [9]. The virtual coupling is assumed to be just a
pure damper but more complex dynamics can be chosen at
the cost of increasing the order of the overall system. The
human is assumed to be passive and is modeled as a pure
damper having a dampirtg. The device has a massand

a dampingp. Since the human is connected to the device in
a negative feedback loop, tie+ D subsystem depicted in
Figure 2 can be modeled as an equivalent system having a
massm and a dampindp+ b'.

The system parameters for the example were chosen to be:

e Mass of the haptic devicen= 0.01 kg

e Combined damping of the human-device+ b’ =
12 Nnis
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Figure 2: Negative feedback supplied by human to the haptic de-
vice

e Damping of the virtual couplingd* = 12 Nm's

e Sampling time:T =0.001 s

Note that in this exampléhe same virtual coupling is used
for both environments. In other words, Eq. (3) is satisfied
with the samey for both environments thereby ensuring the
stability of the interaction with each environment.

By assuming the massto be small, we are effectively hav-
ing theH 4 D sub-system (human-device) resemble a mass-
less damper. Ik; is the velocity of the haptic device, the
equations describing the system (see Figure 2) are:

. (b+D) u
XL = m M+m
u
y:X1+§ 4)

whereu is the force provided by a virtual environment and
is the combined velocity of the haptic device and the virtual
coupling.
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Figure 3: Mechanical equivalent of the two virtual environments.

The model for the two virtual environments is shown in Fig-
ure 3. The complete state of the environment can be de-
scribed by the position and velocity of the mads How-
ever, for convenience the state varialskesand xs used to

tem are:

. K
Xo = ——X — Kxg+Ku

B>
. X2 Bs
X3 = — — —X
3 M M 3
y=X2+Bau (5)

The outputy of this system is the force which is in turn the
input to the top sub-system. The inputs the combined
velocity of the haptic device and the virtual coupling.

3.1 Virtual Environment A

The parameters chosen for the virtual environment A were
M = 0.02,K = 20, B; = —0.11, B, = 20, andB3 = 0.01.

The dampeB; is negative so the virtual environment lacks
passivity. In applications, a negative resistance could be the
result of a virtual guide, for example. Substituting these val-
ues into Eq. (5) results in the following system:

M EE T

X2
=110 —0.11u 6
y=[1 0] { s } (6)
Using the Kalman-Yakubovich-Popov lemma [22], it can be
easily checked that for this virtual environment the over-
all haptic system is passive and therefore stable. A trajec-
tory of the system in th&Xs plane for the initial condition

[0 11 ]T is shown in Figure 4.a.
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3.2 Virtual Environment B

The parameters chosen for the virtual environment B were
M = 0.05,K =50,B; = —0.11, B, = 100, andB3 = 0.05.

As before, the dampeB; is negative and the system lacks
passivity. The system equations in this case are:

=l R

_ X2 |
y=[1 0]{)(3} 0.11u
A quick analysis shows that also for this virtual environment
the overall haptic system is passive and thus stable. A trajec-
tory of the system in th&xs plane for the initial condition
[0 1 1 ]T is shown in Figure 4.b.
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3.3 Switching rules

We also need to define the rules that govern when a par-
ticular virtual environment is active. Consider a switching
sequence defined by:

The virtual environment A is active whegxx > 0 and the
virtual environment B is active wheaxg < 0.

describe the system were chosen to be the force generatedThe result of such a switching is that the virtual environ-

by the sprindk and the velocity of the mad4, respectively.

With these state variables, the equations describing the sys-

mentA is active in the quadrants | and Il of thexz plane
while the virtual environmenB is active in the quadrants



x10"

-1 0 1 2 2 -1 0
X2 XZ

-2
)

1 2

5 -05 0 0.5 1
X2 X 1016

Figure 4: (a) Virtual Environment A is stable. (b) Virtual Environment B is stable. (c) Switching between virtual environments A and B

drives the system unstable.

I and IV of the xox3 plane. A trajectory of the system for

these switching rules for the initial conditign0 1 1 ]T
is shown in Figure 4.c. Itis clear that the system is unstable.

Therefore, even if the concept of passivity and the energy
considerations that lead to stability are intuitive and there-
fore appealing, the concept might be misleading when deal-
ing with hybrid systems. One might be lead to believe that
if the system switches between two sets of state equations
that are both passive, the resulting hybrid system must also

It has been shown in [14, 23, 24, 15] that it is not necessary
to find a global Lyapunov function in order to guarantee that
a hybrid system is stable; it suffices to analyze the stability
in each dynamic regiméM;j, f;) and the switching behav-
ior of the system. Furthermore, it is known that the storage
function of a passive system is a candidate Lyapunov func-
tion for stability analysis. This suggests that the passivity for
hybrid systems should be defined in terms of storage func-
tions of the individual discrete regimes; requiring that a sin-
gle global storage function exists is too restrictive. A notion

be passive. The example clearly demonstrates that such a Of passivity for hybrid systems based on this observation has

conclusion would be wrong. In order to conclude that the re-
sulting system is passivthe storage function in(2) would

have to be the same for both systemsThis is not true in

the example and in general is difficult to guarantee when de-
signing systems that can switch between different (passive)
dynamic behaviors. The next section describes a framework
that can be used to study such systems.

4 Passivity of Hybrid Systems

Formally, a hybrid system is a tuple:

HS= (=, M., U,Z, 7 ,5H) (8)

where= C Z is a (finite) set of discrete state® = {M; }ic=

is a collection of (differentiable, connected) manifolBis;

Z is a set of discrete inputg C IR™ is a set of contin-
uous inputs,¥ = {fi}icz is a set of ') control vector
fields fi :Mix U —-TM;, Z:ZxR"xxU—Zis a
function describing the discrete evolution of the system, and
H = {hi}ic= is a set of C1) output mapsy; : M; x U — R™.

The system evolves ol following the vector fieldf; as
long asZ(i,x,n,u) =i. WhenZ(i,x,n,u) becomes equal

to j # i, the system dynamics switches (M;, ;). In

this paper we assume that the state does not change dur-

ing the switch. Also, we assume that there are finitely many
switches in any finite time interval (we exclude phenomena
like chattering). The value d(i,x,n,u) can change either
autonomously , e.g. if the trajectory of the system leaves the
manifoldM; and enterdl;, or due to a control, e.g. because
the discrete input) changes.

been suggested in [20].

Definition 1 Take a hybrid syster(8) such that for every
regime i,0 € M; and £(0,0) = 0. Such a system will be
called apassive hybrid system (PH%)the following two
conditions hold:

1. Each discrete regim@M;, f;) is passive. That is, there
exists a storage function ¥ndg;, §; > 0 such that

u'y > % +euTu+dyy V(xu)  (9)
where(x, u) is a trajectory of(M;, f;).
2. The storage functions have the property that:
i k
Vi(x(tix-1)+ [ uTydt>Vi(x(tix).  (10)

k-1

where fi denotes the k-th time that the vector field f
becomes “active”, i.e.i(tijk) £ {(tﬁ() =i

Note that Eq. (9) has to hold whenever the system is in
the regimei, whereas the integral in Eqg. (10) runs over the
regimes that the system traverses before switching back to
In [20], two important results have been derived: (a) if all the
storage functions of a PHS system are positive definite, then
the system is stable far(t) = 0; and (b) a feedback inter-
connection of two PHS’s is again a PHS. The notion of PHS
therefore plays the same role for hybrid systems as does the
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Figure 5: (a) The system is stable when the condition in Eq. (10) is enforced during switching. (b) Switches are missed if they are attempted

every 004s. (c) No switches are missed if they are attempted evés; @n (b) and (c), the upper curve is the desired switching
sequence, the lower the actual switching sequence.

classical passivity for continuous systems. Clearly, an anal- (x2,X3) subsystem. Characterizing this delay for different

ogous definition of PHS can be formulated for sampled-data virtual environments is important for evaluating the perfor-

systems. mance of the proposed strategy and will be undertaken in
future work.

An important issue that needs to be addressed when imple-
menting the proposed stabilization strategy is how to deal
with switches that are close in time. Since each individual
virtual environment is passive and can be made to asymptot-

5 Stable implementation of switched virtual
environments

In this section we describe an implementation of the system
described in Section 3 that guarantees the stability of the sys-
tem. As mentioned above, one possible solution would be to
design a single virtual coupling that would make the system
passive for both virtual environments and would guarantee

ically converge to the origin it can be shown that if a switch
has been triggered, the condition Eq. (10) will eventually
be satisfied and the switch will take place. However, the
user might trigger another switch during the time the system
is waiting for the previous switch to take place. The sys-

tem designer needs to make a choice between two possible
policies: (a) the system either waits until the previous switch
has taken place before trying to implement the newly arrived
switch request; or (b) the switch that has not yet taken place
the other hand, it can be shown thihe design of a con- is skipped and the system tries to implement newly arrived
troller (virtual environment) that simultaneously stabilizes ~ switch request. Each policy has it merits and drawbacks.
several linear systems results in a bilinear matrix inequality The policy (a) implements the ideal case better since the se-
and is thus computationally hard. In any case, it is not diffi- quence of environments through which the system evolves
cult to see that none of these methods can produce a desiredequals the desired sequence. However, under this policy the
virtual environment for our example. delays might start to accumulate and the system might even-
tually become completely desynchronized with the user ac-
An alternative is to enforce the system to be PHS. This will tions. The policy (b) keeps the system always synchronized
automatically guarantee that the system is stable. Therefore, with the user actions, however some switches never take
we need to make sure that Egs. (9) and (10) are always place and as a result the executed trajectory might miss im-
satisfied. The first equation simply requires that a virtual portant actions that the user intended to perform (like press-
coupling satisfying Eq. (3) be designed for each virtual en- ing a button, for example).
vironment. We already did this in Section 3. On the other
hand, Eg. (10) imposes restrictions on switches between Figures 5.b and 5.c demonstrate the performance of the sys-
virtual environments: the desired switch can not take place tem if the strategy (b) is used. In the simulation shown in
until that condition is satisfied. In other words, even if the Figure 5.b, the user attempted to switch between the two vir-
action of the user triggers a switch, the system needs to wait tual environments every 40 samples (eve:§48). The fig-
until Eq. (10) becomes satisfied for the switch to actually ure shows that some switches are missed. Figure 5.c shows
take place. the case when the user attempts to switch between the vir-
tual environments every 100 samplesl§). In this case, no
The simulation results for the system in Section 3 modified switches are missed.
to implement the proposed strategy are shown in Figure 5.a.
Clearly, the system is stable. It is also apparent that the de-
lay in the switching is abou% of the time constant for the

the existence of aommon positive definite storage func-

tion. The general conditions for the existence of a common
Lyapunov function (which is closely related to the storage
function) for switched linear systems are given in [25]. On



6 Conclusion

In this paper, we investigated stability of haptic interaction
with complex virtual environments. The representation of
such a virtual environment by a single dynamic regime may
be inadequate or impractical for many applications. A repre-
sentation in which different dynamic behaviors are used to
describe different responses of the virtual environment are
often more appropriate. However, we demonstrated on an
example that even if a virtual coupling is designed for each
type of the virtual environment so that the system is pas-
sive (and thus stable), switches between different virtual en-
vironments might drive the system unstable. We proposed
a strategy based on the notion of passivity for hybrid sys-
tems that guarantees stability of the interaction with such
switched virtual environments. The main characteristic of
the proposed strategy is that a switch can not occur at the
time the user triggers it, a delay is introduced in order to
preserve the stability of the system. A brief discussion on
the performance of the scheme is presented, but more thor-
ough investigation shall be considered in future work.
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