A variational calculus framework for motion planning
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Abstract

In this paper, we argue that it is advantageous to
formulate motion planning as a variational problem.
In this way, a unified framework for addressing redun-
dancy, constraints, and optimality is obtained. An
efficient numerical method is proposed for solving the
motion planning problem in the variational form. The
approach is illustrated on the problem of motion plan-
ning for systems that change dynamic equations at
discrete time instants as they move. A technique is
described for computing a motion plan when the se-
quence of dynamic equations describing the motion is
known. Finally, a motion plan for a simple grasping
task, a typical representative of this class of systems,
is computed.

1 Introduction

In most of the literature, motion planning is defined
as finding a suitable path between two points in space
[1]. We propose a broader view in which a motion
plan consists of every aspect of motion that is needed
to perform the task. Figure 1 shows components of a
motion plan as the system and the task become more
complex.
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Figure 1: Components of a motion plan.

We argue that the motion planning problem is typ-
ically underdetermined and to resolve this indetermi-
nacy it makes sense to define a measure of performance
and find a plan with the best performance. In turn,
we formulate motion planning as a variational prob-
lem thereby obtaining a unified framework that has
several advantages over other motion planning meth-
ods: (a) We can account for the dynamics of the sys-

tem; most other methods only provide kinematic tra-
jectories. (b) Kinematic and actuator redundancies
can be resolved simultaneously; other approaches em-
ploy different strategies at different levels. (c) We can
deal with equality and inequality constraints, includ-
ing nonholonomic constraints. (d) The method yields
a feasible and globally optimal solution; kinematic mo-
tion planning methods and local methods for redun-
dancy resolution might produce solutions that are not
suitable for implementation.

Optimal control and variational calculus have been
extensively used for motion planning in the robotics
literature (e.g., [2]-[7]). Most of these works concen-
trate on a particular aspect of motion, such as time-
optimality or resolution of redundancy, they do not use
variational calculus as a general framework for motion
planning.

The variational formulation of the motion planning
problem studied in this paper is:

Problem 1.1 (Motion planning) Given the dyna-
mic equations of the robot:

i = f(xJ u7 t)7 (1)

(x is the vector of state variables and u is the vector
of inputs), equality and inequality constraints:

gi(z,u,t) =0 i=1,....k (2)

and
hi(z,u,t) <0 i=1,...,1, 3)

the desired initial and final configurations:
a(z,t)],, =0 and  B(z,t)], =0, 4)

and given a cost functional in the form:

t1

7= %alt),t) + [ La@.u0.0d 6
to

find (a piecewise smooth) state vector z* (¢) and (a piece-

wise continuous, bounded) input vector «*(¢) that satisfy

equations (1)-(4) and minimize the cost functional (5).

A novel numerical method for solving such varia-
tional problems, which combines a discretization of the
continuous problem motivated by the finite-element
methods with the techniques from nonlinear program-
ming, is described in the first part of the paper. In the
second part of the paper, we show that the method



can be used to find a motion plan for tasks like grasp-
ing and walking, where the dynamic equations change
at discrete points in time as the system moves. The
state space for such tasks gets partitioned in differ-
ent regions, each of them characterized by a different
set of dynamic equations. While it is difficult to ob-
tain the optimal sequence of regions that the system
should traverse, we present a technique for computing
the motion plan once this sequence is selected.

2 Numerical method

Consider the Bolza form [8] of the variational
problem?:

t1
min/ L(z,z) dt.

€T tO
subject to
o(x, %) =0, g9(x) = 0. (6)

For now we assume that only equality constraints are
present. Inequality constraints can be treated simi-
larly using slack variables [9].

To find a numerical solution, we approximate the
unknown (vector) function with a set of basis func-
tions:

N
zi(t) = Y ple;(t). (7)
j=0

The approximation of the function is required to be
exact on the chosen set of grid points:

z;(a;) =pr¢j(aj)- (8)

For simplicity, we assume that a; — aj_; = h for all
j=1,...,N.

There are many possible choices for the functions
¢;j, but the computation of the gradient needed for
minimization is simplified if the shape functions have
localized support?. For our computations, we choose
the triangular shape functions:

H% if ar_1 <t <ay,
(o) (t) = %+Tﬁ5 if ap<t< A1, (9)
0 otherwise.

In this way, the function z is approximated by a piece-
wise linear function. ‘
The last equation implies that in Eq. (7), p! =«

J

J
IRl
where z; is the value of the unknown z; at the grid
point a;j. Let # denote the approximation of the
function z, and let Z be the collection of the values
of z at the grid points. Discretization in (7) leads

to the following finite-dimensional nonlinear program-

LIf the time ¢ explicitly occurs it can be taken to be an addi-
tional state variable so that the system becomes autonomous.

2Support of a function is the set Suppf = Clz|f(x) # 0},
where Cl stands for closure.

ming problem:

t1
min / L(xm) dt (10)
T to
subject to
/ o(#,8)dt=0 g(#(a;))=0 j=1,...,N.

The resulting constrained nonlinear programming
problem can be solved using any of the methods
available in the literature. In this work we use the
method of augmented Lagrangian [9] to convert the
constrained problem into an unconstrained one and
Newton’s minimization method to solve the ensuing
unconstrained minimization problem. We refer the
reader to [10] for details.

3 Motion planning for systems with
discrete and continuous state

Most motion planning methods assume that the dy-
namic equations of the system do not change during
the task. In many robotic applications this assump-
tion does not hold. For example, for a multi-fingered
hand holding an object, any time a new finger is placed
on the object or one of the fingers currently in contact
with the object is withdrawn, the dynamic equations
and the algebraic constraints describing the state of
the system change. The state space of such systems
can be partitioned into regions so that in each of the
regions the system is described with a different set
of equations. These regions can be viewed as discrete
states; within each discrete state, the differential equa-
tions describe the evolution of the continuous state.
Systems with discrete and continuous state form a sub-
set of the class of so called hybrid systems [11, 12].

3.1 Mathematical formulation

Let the continuous state space X of the dynamical
system with n states be given by:

p
x =]JD;, (11)
j=1

where D; are pairwise disjoint, connected subsets of
R". On each subset D;, the system is described with
system equations:

& = Fj(z,u), (12)
and algebraic constraints:
Gj(z,u) =0, Hj(z,u) <0. (13)

The vector z € X C IR™ is the (continuous) state of the
system, u € R™ is the input, F}; is a (smooth) vector
field and G; and H; are smooth (vector) functions.
The sets D; are called discrete states. We require
that the continuous state changes continuously (but
not smoothly) between the regions.

Since the sets D; are disjoint, given a continuous



state z, there is a unique set D(,) such that x € Dj(,).
Equations (12)-(13) can be therefore rewritten as:

&= f(z,u) (14)
and
h(z,u) <0, (15)

where f(z,u) = Fj)(z,u), g(z,u) = Gj(z)(z,u), and
h(z,u) = Hjg(z,u).

g9(x,u) =0,

s

. _J

Figure 2: A trajectory of a system with discrete and
continuous state.

Consider the motion planning problem for the sys-
tem (14). Our premise is that the task provides a way
to evaluate the performance of different motion plans
so that motion planning can be formulated as a varia-
tional problem stated in Section 1. Let v(z,u,t) be an
optimal trajectory of (14) that connects the state zg
with 21 (Figure 2). The trajectory is characterized by
a sequence of points Top = tg < t1 < ... <tny1 =T
and a sequence of indices jog, ..., jn such that on the
interval [¢;,t;41], the trajectory belongs to the set D,
and at the time ¢;; it switches from the region D, to
Dj,,,. This implies that a solution of the variational
problem consists of four components: (a) the number
of switches, N; (b) the sequence, {D;, }X¥,, of discrete
states; (c) the sequence, {t;}}¥,, of switching times;
(d) the continuous trajectories.

It is difficult to find all four components of the op-
timal solution (see also [13, 14]). One of the reasons
is that in general the optimal solution depends on the
sequence of discrete states in very complicated way:
even if two sequences are almost identical, trajectories
of the continuous state can be very different.

3.2 Method for
times

computing switching

In tasks such as grasping and walking, the sequence
of discrete states is usually known a priori. For the
grasping task it can be obtained by investigating fea-
sible grasp gaits [15]. In walking, the gait is usually
computed in advance to avoid regions that are unsuit-
able for foot placement [16, 17].

When the sequence of discrete states is given, the
motion planning problem reduces to finding the opti-
mal switching times and the optimal trajectories for
the continuous state. This problem can be simplified

by making the unknown switching times part of the
state and introducing a new independent variable with
respect to which the switching times are fixed. The re-
sulting variational problem can then be solved using
conventional methods.
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Figure 3: A new independent variable has known val-
ues at the switching times ¢;.

Assume that the number N and the sequence of dis-
crete states {Dj, }, are known. For simplicity, also
assume that Tp = tp = 0 and 71 = tny1 = 1. We

introduce new state variables z,1,...,Z,4N cOrre-
sponding to the switching times ¢; with:
Tnti = tia 3'7"+i =0. (16)

Subsequently, a new independent variable s is de-
fined. The relation between s and t is linear, but the
slope of the curve changes on each interval [t;,t; 1]
(Figure 3). At every chosen fixed point s;, ¢t equals
t;. For convenience, we set s; = i/(N + 1) so that the
following expression is obtained:

([ (N + D)xpy1s, 0<s< =

N+1

(N +1)(@ntit1 — Tnti)s .
t =< +(Z + l)ﬂfn_H' — i Tpgitls N;-H <s< Jif_'—_i—ll

(N +1)(1 = znpn)s
+(N 4+ 1)z,.n — N, N <s<1.

\
With the new independent variable, the evolution
equation on the interval [t;, t;+1] becomes:
' = (N +1)(@ntit1 — Tnti) Fj (z,0),
where (.)" denotes the derivative of (.) with respect to

the new independent variable s. If Z is the extended
state vector:

R T
Z=[T1,. Ty Tnt1y- -3 TntN]
a new function can be defined on each interval ﬁ <
itl .
s < Nii

A

L(%,u) = (N + 1)(Zntit1 — Tnyi) Lz, u).



Finally, the cost functional can be rewritten as:
1
J= / L(%,u)ds
0

and the task is to minimize J in the extended state
space. Points s; at which the system described by the
function F' switches between the discrete states are
known. In the optimal solution, Z*, the last N com-
ponents will be the optimal switching times {#;}¥, for
the original problem.

4 Example

We study an example of two fingers with limited
workspace rotating a circular object about a fixed axis
in a horizontal plane. In [15], a similar example is
used to study grasp gaits. The position of the object
is given by its turning angle ¢ (Figure 4). The center
of the object is at the origin of the global coordinate
system and the radius of the object is equal to R.
Positions of the two fingers in the plane are expressed
in polar coordinates and are (r1,6;) and (ra, 65).

A,

(r1,01)

Figure 4: Two fingers rotating a circular object in a
plane.

The dynamics of the object is given by:
Iy = —Fi;Rsin6, + FiyRcosb;
— Fy, Rsin 6, +F2yRCOSGQ, (17)

where I is the moment of inertia of the object around
the axis of rotation while F; and F5 are the forces, ex-
pressed in the global coordinate frame, that the fingers
1 and 2 exert on the object.

The dynamic equations of the two fingers can be
expressed in Cartesian coordinates. For simplicity, we
assume that the fingers behave like point masses (lo-
cated at the finger tip). The dynamics of the finger 4
is thus given by:

—Fip +uiz, = m;(F;cosf; — 27;0;sin 0;
- nef cos0; — r;0; sin 0;)
_Ey + Usy = My (T’z sin 0, + 27‘,01 COS 0,
- 7'1912 sin @; + 7‘10, cos 9@'), (18)

where m; is the effective mass of the finger 7, and u;
is the 2 x 1 vector of driving forces for finger ¢. By
defining a state vector:

.'EZ[(p,(‘('77’!‘1,01,7"170.1,7“2702,1;2,0.2]7' (19)

the dynamic equations of the object and the two fin-
gers can be transformed into the state-space form.

The workspace of each finger is a cone of angle 2 «
centered at the origin. The axis of the cone for the first
finger corresponds to the half-line # = 0 while the axis
of the cone for the second finger is the half-line § = 7.
The cones W; and W, representing the workspace of
the fingers 1 and 2, respectively, are thus given by:

W, = {§|-a<b0<a}
Wy, = {f|-a+7<0<a+r} (20)

The state space of the system can be partitioned
into three regions:

D1 = {x|91€W1,92€W2,7‘1>R;7‘2:R}
D2 = {1"01€W1702GW27T1:R7T2>R}
D3 = {z |01 € W1,00 € Wa,m1 = R,m2 = R}.

Region D; corresponds to the case when the second
finger is in contact with the object while the first finger
does not touch the object. Region D, describes the
opposite situation. In region D3 both fingers are on
the object. For our task we require that exactly one
finger is on the object during any finite time interval.
This basically reduces the state space to D; UDs, with
the switch between the two corresponding to Ds.

The dynamic equations are the same in all three
regions. Therefore, f = fi = fa, where f is the sys-
tem function obtained when the dynamic equations
are rewritten in the state space. However, in the re-
gion Dy, the constraint r; = 1 forces 1 = 0. Similarly,
the requirement ro > 0 implies F5, = 0. Analogous
equations hold for D,.

Finally, we have to choose the cost functional for
the optimal control problem. In robotic tasks, it is
often required that the positions and velocities (and
in some applications, accelerations and forces) vary
“smoothly”. In this work, we chose to minimize a
measure of the energy necessary to move the two fin-
gers:

1 1
1
J=/0 Ldt = 5 /0 (ul, +uiy, +u3, +u3,)dt. (21)
This cost functional guarantees continuity of the po-
sitions and velocities. Continuous force profiles could
be obtained by minimizing the rate of change of forces.
At t = 0, the initial conditions are:
=0, 61=0, =7, r =R, r=R,
9(3:0, 61:0, 0220, T"1=0, 1;220.
and we assume that the system immediately passes
into the region D;. We require the object to be rotated
through 60°. Both fingers are required to end their



motion on the object, but we are not interested where.
The final conditions are therefore:

(nga 7‘1:R, T2=R7 . .

p=0, 7 =0, 72=0, 6;=0, 62=0.

In order to use the method from Section 3.2, the
number of transitions between the two regions in the
state space must be known. Assume that the system
switches only once: the object is first rotated with the
second finger and the rotation of the object then com-
pleted with the first finger. Let t; be the time when
the system switches from D; to D,. The state vector
x is extended with ¢; that satisfies the following state
equation:
t1 =0.

Next, a new independent variable s is defined:

0<s<0.5

_ 2t18,
t= { 2(1—t)s+2t —1, 0.5<s<1.0. (22)

The cost function L from Equation (21) becomes:

i(g},u):{ 2t L, 0<s<0.5

21-#)L, 05<s<10. (23

Similarly, if f = f; = f5 is the system function for
the independent variable ¢, the new system functions
become:

fi = 2tf
foo= 20-t)f. (24)

In each region, it is also necessary to satisfy the fol-
lowing constraints:

Dl: T1>R T’2=R (,0292 F1=0
Dy: r1=R m1>R =60, F,=0

Analogous expressions can be obtained if the fingers
change their roles more than once.

The method from Section 2 can now be employed
to solve the resulting optimal control problem. One
of the advantages of this method is that the adjoint
variables and the multipliers are not the unknowns for
the optimal control problem, they are only updated
after the solution of the optimal control problem has
been found. Including state, inputs, adjoint variables
and the Lagrange multipliers, there are 38 unknown
functions (for a single switch). The unknowns for the
variational problem are only the state and input vari-
ables which amounts to 19 unknown functions.

(25)

4.1 Simulation results

The values of parameters for the simulation were
R = 1m and m; = my = 1lkg. The task was to ro-
tate the object for 60° counterclockwise. In Figure 5,
the results are shown for the workspace a = 15°. In
this case, the rotation of the object for 60° can not
be achieved with a single switch; the fingers change
their roles twice. The value of 7 is subtracted from
02 to compare it with the other two angles. The

new independent variable s is shown on the abscissa.
The switches between the two regions therefore oc-
cur at s; = 0.33 and s; = 0.67, which correspond to
t1 = 3.22s5 and t» = 7.01s (computed as part of the
motion plan). The figure shows that while one fin-
ger rotates the object, the other finger moves towards
the lower edge of its workspace to have a wider range
of motion once it comes into contact with the object.
During the first third of the maneuver, finger 2 rotates
the object almost for the entire range of the allowable
workspace of 15°. Meanwhile, finger 1 moves to the
lower edge of the workspace and subsequently it ro-
tates the object for almost 30° in the second third of
the task. While finger 1 is rotating the object, fin-
ger 2 moves back towards the middle of its allowable
workspace so that it can complete the rotation of the
object in the third stage. In the third stage finger 1
stays at the upper edge of its workspace.
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Figure 5: (a) Angles ¢, 61 and 6> —m; and (b) velocities
¢, 61 and 6, for the workspace a = 15°.

In this example, the velocities of the contact points
on the object and on the finger at the time of establish-
ing or breaking the contact are equal so no impact oc-
curs. Hence, the continuous state is continuous across
the switches between discrete states. We also note
that the positions of the fingers on the object at the
switch are computed as part of the motion plan. In
other words, the sequence of discrete states is assumed



to be known, but the value of the continuous state at
the switches is computed by optimization.

5 Conclusion

We showed that variational calculus can be used as
a unified framework for motion planning. In turn, a
novel numerical method for solving variational prob-
lems was presented. The method uses discretization of
a continuous problem provided by finite element anal-
ysis and techniques of nonlinear programming to solve
the resulting finite-dimensional problem. For motion
planning problems in robotics, it is important that
the numerical method efficiently handles equality and
inequality constraints. We demonstrated that the pro-
posed numerical method satisfies this requirement.

The numerical method was used to compute motion
plans for systems that change their dynamic equations
at discrete time instants as they move. Such systems
can be viewed as having a discrete as well as a continu-
ous state. The existing approaches to motion planning
for systems with discrete and continuous state concen-
trate either on planning the sequence of discrete states
to achieve the task or on planning and control of the
system within each of the discrete states. In contrast,
we addressed both problems at the same level. To find
a solution, the sequence of discrete states was assumed
to be known in advance, but our approach guarantees
that the computed motion plan is compatible with this
sequence and the dynamics of the system.

We computed a motion plan for two fingers rotat-
ing a circular object in a plane. In this case the (con-
tinuous) state space of the system is partitioned into
regions (discrete states) that correspond to different
grasp configurations. By choosing the cost function
appropriately, desired level of smoothness in the ve-
locities, accelerations, and forces at points where the
system switches between discrete states was achieved.
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