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ABSTRACT

The setof spatialrigid body motionsforms a Lie group known
asthe specialEuclideangroupin threedimensions, (3). Chasless
theoremstatesthat thereexistsa screwmotion betweentwo arbitrary
elementof  (3). In this paperwe investigatewhetherthereexista
Riemanniammetricwhosegeodesicarescrewmotions. We provethat
no Riemanniarmetricwith suchgeodesicexistsandwe showthatthe
metricswhosegeodesicarescrewmotionsform atwo-parametefamily
of semi-Riemanniametrics.

1 INTRODUCTION

The setof all three-dimensionaligid body displacements
formsa Lie group[4, 5]. This groupis generallyreferredto as

(3), the specialEuclideangroupin threedimensions. The
tangentspaceat the identity endowedwith theLie bracketoper
ation hasthe structureof a Lie algebraandis denotedby  (3).
It is isomorphicto the setof all twistsandthe Lie bracketof two
twistscorrespond#o themotorproductof therespectivanotors.
A gooddiscussioronthegeometryof  (3) canbefoundin the
appendixof [10].

Thereis extensivditeratureon the algebreaof twistsandthe
theoryof screws[1, 6, 7, 15]. It is well known that the inner
producton the spaceof twists, (3), inducedby theusualinner
producton R® is notinvariantunderchangeof coordinateframes
[7, 8, 10]. But on the spaceof twists, therearetwo quadratic
forms, the Killing form andthe Klein form, that are invariant
underchangef the inertial referenceframe aswell asunder
change®f the body-®xedeferencdrame[5] (they arethusbi-
invariant). Howevemeitherformis positivede®nite TheKilling
form is degeneratandtheKlein form is inde®nite.

An innerproducton (3) canbe extendedo a Riemannian
metriconthewholegroup  (3) by left (right) translation.Such

ametricis calledleft (right) invariantandis invariantwith respect
to changeof inertial (body-®xedframe. A left invariantmetric

for  (3), whichis bi-invariantwhenrestrictedto the group of

rotations,  (3), andwhich preserveshe isotropyof R*, was
proposedy ParkandBrockett[12]. This metricdepend®nthe

choiceof alengthscale.

A Riemanniarmetricis everywhergositive de®niteandit
providesanotionof lengthof curvesonthemanifold. In contrast,
ametricwhichis non-degenerateut inde®nitds calleda semi-
Riemanniammetric [2] andin this caseit is moreappropriateo
speakaboutthe enegy of a curve. Curvesthat minimize the
enepgy betweertwo givenpointsareof particularinterest.Such
curvesarecalledgeodesicandcanbeconsidere@generalization
of straightlinesin Euclideanspaceo Riemanniarmanifolds.

Someof the geodesicgor the scaledependenieft invariant
metric introducedin [12], are screwmotions[11, 16]. Since
Chasless theoremguaranteeshe existenceof a screwmotion
betweeranytwo pointson  (3), anaturalquestions whether
thereexistsa metricfor which everygeodesids a screwmotion.
We showthat thereis no such Riemannianmetric and that all
metricswhich havescrewmotionsasgeodesicé¥elongto atwo-
parametefamily of semi-Riemanniametrics.

Thepapeiis organizedasfollows. In Sectior2, weintroduce
theframeworkof Lie groupsanddifferentialgeometryusedn the
restof thepaper We alsomakepreciseheideasof aRiemannian
metricandanaf®neconnectiorwith referencéo  (3). In Sec-
tion 3, we discussChasless theorem screwmotionsandscrew
displacementssingthe frameworkof Section2. We reviewthe
scale-dependenft invariantRiemanniammetric introducedin
[12] andshowthatfor this metricsomeof thegeodesicarescrew
motions. We then provethe key resultof this paper Theorem
3.6,in whichthe metricsfor which screwmotionsaregeodesics
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areidenti®ed We concludethe paperwith ashortdiscussion.

2 KINEMATICS AND DIFFERENTIAL GEOMETRY

2.1 The Lie group 3)

Considera rigid body movingin free space. Assumeany
inertial referenceframe  ®xedin spaceanda frame  ®xed
to thebodyat point  asshownin Figurel. At eachinstance,
the con®guration(position and orientation)of the rigid body
canbe describedoy a homogeneousransformatiomrmatrix,
correspondingdo the displacemenfrom frame to frame
Thesetof all suchmatricedscalled  (3),thespeciaEuclidean
groupof rigid bodytransformationén three-dimensions:

@)= 01
33 3 = det( )=1

It is easyto show[10] that  (3) is a groupfor the standard
matrix multiplication andthat it is a manifold. It is thereforea
Lie group[13].

POSITION

INITIAL
POSITION

Figure 1. The inertial (®xed) frame and the moving frame attached
to the rigid body

OnanyLie groupthetangentspaceat the groupidentity has
thestructureof aLie algebra.ThelLie algebreof  (3), denoted
by (3),isgivenby:

(3) = W w R332

3 —
0 o RRW= W (1

A 3 3 skew-symmetrianatrix W can be uniquely identi®ed
with a vector R3 so that for an arbitrary vector R3,
W = , where is the vectorcrossproductoperationin

R3. Eachelement
pair

Givenacurve ():[ ] (3), anelement () of
theLie algebra (3) canbeassociatetb thetangentector & )
atanarbitrarypoint by:

(3) canbethusidenti®edwith avector

0= 0% )
A curveon  (3) physically represent& motion of the rigid
body If () () isthevectorpair correspondingo (),

then physicallycorrespondso theangularvelocity of therigid
bodywhile isthelinearvelocityoftheorigin  oftheframe
bothexpressedh theframe . In kinematics,elementsf this
form arecalledtwists[9] and (3) thuscorrespond$o thespace
of twists. It is easyto checkthatthe twist () computedfrom
Equation(2) doesnot dependon the choiceof theinertial frame
. Forthisreason, () is calledtheleft invariantrepresentation
of thetangentvector & Alternatively, thetangentvector Gcan
be identi®edwith a right invarianttwist (invariantwith respect
to the choice of the body-®xedframe ). In this paperwe
concentrat@ntheleft invarianttwists but thederivationsfor the
right invarianttwistsareanalogous.
Since (3) is avectorspaceanyelemenicanbe expressed
asa6 1 vectorof componentgorrespondindgo achoserbasis.

Thestandardasisfor  (3) is:

0000 0010 0-100
_00-10 0000 1000
17 0100 27 1000 5T 0000

0000 0000 0000

0001 0000 0000
0000 _ 0001 0000
47 0000 5T 0000 57 0001

0000 0000 0000

Thetwists 3, and j3represeninstantaneoustationsabout
and 4, sand ginstantaneousanslationslongthe Cartesian
axes , and , respectively The component®f a twist

(3) in this basisaregivenpreciselyby thevelocity vectorpair,

The Lie bracketof two elements 1 »
by:

(3) is de®ned

[1 2= 12 21
It canbe easilyveri®edthatif ;, 5 and , » arevector

pairscorrespondingo thetwists ;1 and », thevectorpair
correspondingo their Lie brackef 1 ;] is givenby

= 2 1 2t 1 2 3)
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In kinematicsthis productoperationis calledthe motorproduct
of thetwo twists.

TheLie brackebftwo element®falie algebrasanelement
of the Lie algebra. Thus,it canbe expressedsa linear combi-
nationof thebasisvectors.Thecoef®cients  correspondingo
theLie bracket®of thebasisvectorsarecalledstructue constants
of theLie algebra[13]:

[ 1= (4)

The expressiong4) for  (3), can be directly computedfrom
Equation(3) andarelistedin AppendixB.

2.2 Left invariant vector ®elds and exponential mapping

A differentiable vector ®eldis a smoothassignmenbf a
tangentvectorto eachelementof the manifold. At eachpoint, a
vector®eldde®nes uniqueintegral curveto whichit is tangent
[3]. Formally, avector®eld is a (derivation)operatomwhich,
given a differentiablefunction, returnsits derivative (another
function)alongtheintegralcurvesof

An exampleof a differentiablevector®eld, ,on (3)is
obtainedby left translationof an element (3). Thevalue
of thevector®eld atanarbitrarypoint (3) isgivenby:

(1=K )= (5)

A vector®eldgeneratedyy Equation(5) is calledaleft invariant
vector®eldandwe usethe notation Ato indicatethatthe vector
®eldwas obtainedby left translatingthe Lie algebraelement

Right invariant vector ®eldscan be de®nedanalogously
In generala vector®eldneednot beleft or right invariant. By
constructionthespacef leftinvariantvector®eldds isomorphic
totheLie algebra (3). In particular(se€][3]):

[AAl=[ 1= A (6)

Sincethe vectors 1 _ 2
gebra (3), the vectors A( )
tangentspaceat any point
®eld canbeexpresse@s

¢ area basisfor the Lie al-
Ay ) form a basisof the
(3). Therefore,any vector

p>1

= (7)

=1

wherethe coef®cients
cientsareconstantsthen

vary over the manifold. If the coef®-
is left invariant. By de®ning:

:[ 1 2 3] _[ 4 5 6]

we canassociat@ vectorpair of functions to anarbitrary

vector®eld . If acurve () describesa motion of the rigid
bodyand = — isthevector®eldtangentto (), thevector
pair associatedvith  correspondso the instantaneous

twist (screwaxis) for the motion. In general,the twist
changeswith time.

Motions for which the twist is constantare known
in kinematicsasscrew motions In this casethe twist is
called the screw axis of the motion. If the vector pair
is interpretedas Plécker coordinatesof a line in spacejt is not
dif®cultto seethatthe screwmotion physically correspondso
rotation aroundthis line with a constantangularvelocity and
concurrentranslatioralongtheline with a constantranslational

velocity.
Letthetwist (3) berepresentelly avectorpair
andlet () beascrewmotionwiththescrewaxis stchthat
(0) = . Wede®ndheexponentiaimapexp: (3) 3)
by:
ext )= () 8

UsingEquation(2) we canshowthattheexponentiamapagrees
with the usualexponentiatiorof the matricesin R* *:

exp( )= — ©)

=0

whereS denoteghe matrix representatioof the twist . The
sum of this seriescanbe computedexplicitly andthe resulting
expressionwhenrestrictedto  (3), is known as Rodrigues'
formula. Theformulafor thesumin  (3) is derivedin [10].

2.3 Riemannian metrics on Lie groups

If asmoothlyvarying,positivede®nitepilinear, symmetric
form is de®nedn the tangentspaceat eachpoint on
the manifold, suchform is calleda Riemanniarmetric and the
manifold is Riemannian3]. If the form is non-degeneratbut
inde®nite the metric is called semi-Riemanniaj2]. On a
dimensionalmanifold, the metric is locally characterizedy a

matrix of functions = where are
basisvector ®elds. If the basisvector ®eldscan be de®ned
globally, thenthematrix[ ] completelyde®neshe metric.

On  (3) (onanyLie group),aninnerproducton the Lie
algebracanbeextendedo aRiemanniametricoverthemanifold
usingleft (or right) translation. To seethis, considerthe inner
productof two elements ; (3) de®nedy

12 =1 2 (10)

1Thebasisvector®eldseednot bethe coordinatebasis;we only requirethat
theyaresmooth.
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where ; and , arethe6 1 vectorsof component®f 3 and
2 with respecto somebasisand  is apositivede®nitematrix.
If ; and , aretangentvectorsat an arbitrary group element
(3),theinnerproduct 1 in thetangentspace

(3) canbede®nedy:

1 2 = Ly, (11)

Themetricobtainedin suchaway is saidto beleft invariant[3]
sinceleft translationby anyelement is anisometry

2.4 Af®ne connection and covariant derivative

Motion of a rigid body canbe representedby a curve on

(3). Thevelocity atanarbitrarypointis thetangentvectorto
the curveatthatpoint. In orderto obtainthe accelerationor to
engagen adynamicanalysiswe needto beableto differentiate
a vector ®eldalongthe curve. At eachpoint (3), the
value of a vector®eldbelongsto the tangentspace 3)
andto differentiatea vector®eldalonga curve,we mustbe able
to subtractvectorsfrom tangentspacest differentpointson the
curve. But tangentspacesat different points are not related.
We thus haveto specify how to transporta vector along the
curvefrom onetangentspaceto another This procesds called
parallel transportandis formalizedwith the ai®neconnection
[14]. Givenanycurve (), aparametewralue o anda vector

in (5 (3), thetangentspaceat point ( o), the af®ne
connectiorassigngo eachotherparametewvalue avector

() (3). Byde®nition, istheparalleltransporbf along
thecurve (). Vectors and arealsosaidto be parallel
along ().

A derivativeof a vector®eldalonga curve () is de®ned
throughthe paralleltransport. Let  be a vector®eldde®ned
along (), andlet () standfor ( ()). Denoteby ©°()
the paralleltransportof the vector (') to thepoint ( o). The
covariantderivativeof along () is:

im0

(12)

0

By takingcovariantderivativesalongintegralcurvesof a vector
®eld , we obtaina covariantderivativeof the vector ®eld
with respecto thevector®eld . Thisderivativeis alsodenoted

by :

= — (13)

where— is takenalongtheintegralcurveof
pat = o.

passinghrough

The notionsof the covariantderivativeand parallelismare
equivalent. In this sectionwe de®nedhe covariantderivative
throughparalleltransport However givenacovarianterivative,
we canalwaysde®ndghata®eld is parallelalongacurve ()
if:

The covariantderivativeof a vector®eldis anothervector
®eldsoit canbe expresse@sa linear combinationof the basis
vector®elds.Thecoef®cientss of thecovariantderivativeof a
basisvector®eldalonganothembasisvector®eld,

A= GA (14)

arecalled Christoffel symbold. Note the reversedorderof the
indices and .
Thevelocity, (), of therigid body describingthe motion
() is givenby thetangentvector®eldalongthecurve:

Theacceleration, (), is thecovariantderivativeof the velocity
alongthecurve

= B . = (15)

Note thatthe acceleratiordependn the choiceof the connec-
tion. We canalsode®ngerk, , asthe covariantderivativeof
theacceleration:

=2 = (16)

Givena Riemanniammanifold, thereexistsa uniqueconnec-
tion [3] whichis compatiblewith the metric:

= + (17)

andsymmetric:

= 1] (18)

?In theliterature differentde®nitiongor theChristofel symbolscanbefound.
Sometexts(e.qg. [3]) reservahetermfor thecaseof thecoordinateébasisvectors.
We follow the moregeneralde®nitionfrom [14] in which the basisvectorscan
bearbitrary
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This connectionis called the Levi-Civita or Riemanniancon-
nection It canbe shown[3] that the compatibility condition
(17) is equivalentto sayingthatthe paralleltransportpreserves
the inner product. In other words, if () is a curve and
and aretwo vector ®eldsobtainedby parallel transport-
ing two vectors o and o from , (3) along (), then
0O = 0O o0 o = const

2.5 Geodesics

GivenaRiemanniammetric on (3)wecande®ne
thelength, ( ), ofasmoothcurve :[ ] (3) by:
()= — — ¢ (19)

Among all the curvesconnectingtwo points, we are usually
interestedn the curve of minimal length. It is not dif®cultto
see[3] thata curveof minimallengthalsominimizestheenegy
functionat

()= — (20)

If acurveminimizesa functional,it mustbealsoa critical point.
Critical pointsof the enegy functional satisfythe following
equation3]:

— =0 (21)

where istheRiemanniarconnectionandarecalledgeodesics
From what we said aboutthe covariantderivativeand parallel
transport,it follows that a geodesids a curve () for which
the tangentvector®eld — is parallel: from a value at a point
we can obtain its value at any other point by simply parallel
transportingt alongthecurve (). Ontheotherhand According
to Eqg. (15),theexpression _ — is theacceleratiorof motion

describedby (). Motion alonga geodesidhereforeproduces
zeroacceleration.

3 METRICS AND SCREW MOTIONS
Oneof thefundamentatesultsin rigid body kinematicg9]
wasprovedby Chaslesatthe beginningof the 19th century:

Theorem 3.1 (Chasles) Anyrigid bodydisplacementanbere-
alized by a rotation about an axis combinedwith a translation
parallel to that axis.

Notethata displacemenimustbe understoodisan element
of  (3)whileamotionisacurveon (3). If therotationfrom
the Chasless theoremis performedat constantangularvelocity
andthe translationat constantranslationalelocity, the motion
leading to the displacementlearly becomesa screw motion.
Chaslesstheorenthereforesayshatanyrigid bodydisplacement
canberealizedby a screwmotion.

Anotherfamily of curvesof particularintereston  (3) are
the one-parametesubgoups A curve () is aone-parameter
subgroupjf (1+ 2) = (1) (2). Theone-parametesub-
groupson  (3) aregivenby [3]:

()=exp( ) (22)

where isanelementof (3). Fromourdiscussiorin Section
2.2it is clearthat the one parametesubgroupsare exactly the
screw motions which passthroughthe identity. In Chasless
theoremwe canobviouslyassumehatthe body ®xedframe

is initially alignedwith the inertial frame . Therefore,in the
languageof differentialgeometrythetheorencanberestateds
follows:

Theorem 3.2 (Chaslesrestated) For every elementin 3)
there is a one-parametesubgoup (screw motion through the
identity)to whichthat elemenbelongs.

Exceptfor the identity, the screw axis for every element
is unique, but there are in®nitely many screw motions along
that axis which containthe element,eachcharacterizedy the
numberf rotationsalongthescrewaxis. Thefollowing corollary
immediatelyfollows from thetheorem:

Corollary 3.3 If
then:

1and » aretwodistinctelementof  (3),

(1) Thee existsa one-parametesubgoup, () =exp( ),
whichwhenleft translatedby ; contains ;:

()= 1exp( ) 2= ()= 1exp( )

(2) Thee existsa one-parametesubgoup, () =exp( ),
whichwhenright translatedby ; contains »:

()=exp( ) 1 2= (@D)=exp( ) 1

(3) For each
by:

in (1) wecan®ndthe corresponding in (2)

suchthat
O= 0
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Proof: Statementl) (respectively2)) followsfrom Theoren8.2
if we left (right) translatethe one-parametesubgroupto which
1 5( 2 Ybelongs.To see(3), notethat:

1exp( )= 1 — = - 1

=0 : =0
ParkandBrockett[12] proposedileft invariantRiemannian
metricon  (3) givenby:

= (23)

where and arepositivescalars.

Park [11] derived the geodesicgfor the metric (23) and
showedhattheyareproductof thegeodesicfor thebi-invariant
metric on (3) and geodesicsin the EuclideanspaceR®.
Geodesicdor the bi-invariantmetricon  (3) arethe restric-
tions of the screwmotionsto  (3) [11], while straightlines
parameterizegroportionallyto theline lengtharethe geodesics
for the EuclideanspaceR®. A geodesibetweertwo elements

and

thusphysicallycorrespond® atranslatiorof theorigin -~ of the
body®xedframe  with a constantranslationalelocity along
theline connectinghepointsdescribedvith thepositionvectors

1 and »,, andconcurrentotationof theframe  with constant
angularvelocity aboutan axis passinghroughtheorigin  of
theframe  whichtranslatesogethemith the point

It is clearthatsuchamotionis, in generalpnotascrewmotion

sincetheaxisaroundwhichthebodyrotateds not®xedn space.
Howevery if theaxisof rotationis collinearwith theline between

1 and , alongwhich the body translatesthe rotational axis
doesnot changeasthebody movesandthe geodesids therefore
a screwmotion. It follows thata screwmotionis a geodesidf
andonly if it is obtainedby left translationof a one-parameter
subgroupfor which the screwaxis passeghroughthe origin
of theframe

3.1 Screw motions as geodesics

Giventhatanytwoelement®f  (3) canbeconnectedvith
ascrewmotion,andgiventhatthereexistsa left invariantmetric
whosegeodesicicludecertainscrewmotionsiit is naturalto ask
whetherthereareRiemanniarmetricsfor which everygeodesic
is ascrewmotion.

Beforewe proceedwe turn our attentionbackto Corollary
3.3. Thecorollary saysthat any screwmotion canbe obtained

in two ways: eitherby a left or by a right translationof a (in
generaldifferent) one-parametesubgroup. Now supposehat
thescrewmotionsaregeodesicsCorollary3.3impliesthataleft
or a right translationof a geodesigroducesanothergeodesic.
We might thereforewrongly concludethat any metric for which
thescrewmotionsaregeodesicsnustbeinvariantunderleft and
right translationsand thereforebi-invariant. Suchreasonings
falsesinceamapwhich preservegeodesicsloesnotnecessarily
preservehe metric (is not necessargnisometry)! Thisis clear
if we consideraf®netransformationsn Euclideanspace:They
maplinesinto lines (thatis, they map geodesicdo geodesics),
butin generaltheydonotpreservdengthsof vectors.Therefore,
we cannotlimit our searchto left or right invariantmetrics.

We now derivethe family of metricswhich havescrewmo-
tionsfor geodesicsAs wesawin Section2.2,thetwistassociated
with a screwmotion () is constant. The tangentvector ®eld

= — is thereforea left invariantvector®eldandit hascon-
stantcomponentsvith respecto the choserbasisvector®elds:

= A_If solvesEq. (21),wehave:
O = = _ A + A A

The aboveequationis satis®edor any screwmotion (arbitrary
choiceof thecomponents ) if andonly if

A+ xA=o0
Since isametricalconnectionit is symmetric(Eq. 18):
AR AAo[A Ay
It immediatelyfollows that:
A=A A (25)
Further mustbe compatiblewith the metric (Eq. 17), sowe
have:
A AR - AA 4 A A (26)
Letting = A A , thelastequationmplies:
ACy=3 [ARA + AAA @)
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By expressindheLie bracketdrom Eg. (4), we ®nallyobtain:

Aly=2 ( + ) (28)

Note that the coef®cients are constantover the manifold
(Eg. 6). Theabovederivationis summarizedn the following
proposition:

Proposition 3.4 Scew motions satisfy the geodesicequation
(21) for a Riemanniammetric givenby the matrix of coef®cients
= if andonlyif thecoef®cients satisfyEq. (28).

Themetriccoefdcients aresymmetridy de®nition.Since

(3) is a 6 dimensionalmanifold, there are 21 independent
coefdcients 1 6 . Further thereare 6 basis
vector®eldshenceEq. (28) expandgo atotal of 126 equations.
Eachvector®eldrepresents derivationimplying thattheseare
partial differentialequations. The completeset of equationss
givenin AppendixA.

We needthe following lemmato derivethe solutionfor the
systemof equationgyivenby (28):

Lemma 3.5 Givena setof partial differential equations

() = (29)

() = (30)

() = (31)
whee , ,and arevector®eldssuchthat = 1,

is twice differentiable,and , and are differentiable(real
valued)functions the solutionexistsonly if

() ()= (32)

Proof: By applying onEqg. (30), onEqg. (29)andsubtracting

thetwo resultingequationsye get:

() ()=0) () (33)

But the left-handside is by de®nition[ 1C ), which is by
assumptiorequalto ( ). Equation(32) thenfollows from Eq.
(31).

We nextstatethe ®rstkey theorenof this chapter:

Theorem 3.6 A matrix of coef®cients = satis®eghe
systenof partial differential equationg28) if andonly if it has
theform

- 33 33 (34)
3

whee and areconstants.

Proof: To ®ndthemetriccoef®cientsyve startwith thefollowing
subsedf (47):

'51( 1) =0 '52( )= 13 '53( 1) = 12 (35)

First,observethat['zi '52] = '53 (seeAppendixB). By applica-
tion of Lemma3.5, thefollowing equationmusthold:

A(19)= 1 (36)
But from (47), we have:

'51( 13) = } 12

ThereforeEq. (36) becomes:

NI =
=

N

1

12

Obviously thisimpliesthat ;, = 0. Wenextobservehat 1, =0
impliesA( 1) =0 1 6. Fromthesysten(47)weobtain:

13=0 23=0 11= 2 (37)

Fromtheseequationsand(47) we furtherobtain:

15=0 24=0 11= 33
34=0 35=0 14= 36

38
44=0 45=0 4=0 (38)
55=0 56 =0 66=0

Next observations that A( 11)=0 1
with Egs. (37) and(38) implies:

6. This, together

1= 22~ 33-=
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where is anarbitraryconstant.Similarly, we obtain

for anarbitraryconstant . In this way we haveobtainedall 21
independentaluesof . Thereadercaneasily checkthat the
systemof equationg47) is satis®edby theabovevalues.

Corollary 3.7 Thee is no Riemanniammetric whosegeodesics
are screwmotions.

Proof: It is easyto checkthata matrix of theform

hastwo distinctrealeigenvalues

2+4 2) —1( 2+4 2)

2= 3

which both havemultiplicity 3. For anychoiceof and , the
productof the eigenvaluess ; , = 2 0. Therefore, is
not positivede®niteasrequiredfor a Riemanniammetric.

3.2 Invariance of the family of metrics (34)

Metrics of the form (34) form a two-parametefamily of
semi-Riemanniametricsand can be studiedin a similar way
as Riemannianmetrics. In particular we caninvestigatetheir
invarianceproperties.By de®nition,a metricis left invariantif
for any (3) andfor anyvector®elds and

() ) = () () (39)

andit is right invariantif:

() ¢)y = () () (40)

Lemma3.8 If ;and > aretwoelementof
of theform (34) is de®nean

(3) anda metric
(3), thenfor any 3)

1 2 = Ad (1) Ad(2) (41)

(ThemapAd : (3) (3) is calledthe adjoint map andif
is representedby a matrix, the mapis de®nedy Ad ( ) =
l_)
Proof: Let 1= 1 1 and ;= , , .Byastraightforward
algebraiacalculationit canbeshownthatfor = 3)
and (3), where

thevalueof Ad ( )isgivenbyAd ( )= ( )
where istheusualvectorcrossproduct. Thereforewe have:

Ad (1) Ad ( 2)
= 1 1 (1)

2 2 (2
= ( 02C 2+ ( 9C 2 ( 2 )
+ (20 1 2 )
= 1 2% (1 2% 2 1)

( 20 2 H)+*C 2 12 )

(1 2% 2 1)

= 11 2 2 = 1 2

= 12+

Proposition 3.9 Any left invariant metric  that satis®e<q.
(41)is bi-invariant (both, left andright invariant).

Proof: We haveto provethat is right invariant. Take two
vector®elds and . Sincethemetric is left invariant,we
have:

By Eq. (41),

Y(O) (42)

= YOy (O (43)

But becausef theleft invarianceof |, thelastexpressions:

Oy to)yo= () ()

asrequired.
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Corollary 3.10 Anymetric  of theform (34) is bi-invariant.

Proof: It is obviousthat a metric  of the form (34) is left
invariant, sinceit is constantfor the basisof the left invariant
vector®eldsA. By Lemma3.8 and Proposition3.9, is bi-
invariant.

3.3 Geodesics of the family of metrics (34)
Analogousto the Riemanniancase,we could de®nethe
lengthof a curve () betweentwo points (1) and ( ;) on

(3) by:

(NI

(11 2= — — (44)

But isnotpositivede®nitesothelengthof acurvewouldbein
generakh complexnumber Thereforejt is moreusefulto de®ne
themeasuref theenegy of acurve:

(11 2= — — (45)

Since is not positive de®nite the enegy of a curvecan,in
general be negative. Therearealso non-trivial curves(thatis,
curvesthatarenotidentically equalto a point) which havezero
enegy.

Two specialcasesof metric (34) are of particularinterest.

With  =0and = 1we obtainthemetric:
_ O3 33
33 033

This metric, taken as a quadraticform on
as the Klein form.

(3), is known
The eigenvaluesfor the metric are

111 1 1 1 andtheformisthereforenon-degenerate.

For a screwmotion () = oexp( ) where =
(3), theenegy of thesegment [0 1] is givenby ( ) =
2 . If =0, thequantity:

=— (46)

is calledthe pitch of the screwmotion [6]. The pitch measures
theamountof translationalongthe screwaxis during the screw
motion. Zero enegy screwmotionsthereforeeitherhavezero
pitch (the motionis purerotation) or in®nitepitch ( = 0, the
motionis puretranslation).Screwmotionswith positiveenegy

arethosewith positivepitch. Trajectoriesfor suchmotionscor-
respondo right-handechelicesandthe motionsarethuscalled
right-handedscrewmotions. Analogously screwmotionswith
negativeenegy arethe left-handedscrewmotions. Sincepure
rotationsand puretranslationsare zero-enagy motions,it is al-
wayspossibleto ®nda zeroenegy curvebetweertwo arbitrary
pointsby breakingthe motioninto asegmentonsistingof apure
rotationfollowed by a segmenbf a puretranslation.

By letting =1and =0, wegetthesemi-de®nitenetric:
_ 33 033
033 033

This metric,asaform on (3), is calledthe Killing form. Its
eigenvaluesare 1 1 1 0 0 0 henceit is degenerateThe en-
ey of ascrewmotionwith = is equalto soit is
alwaysnon-negative Puretranslationsare zero-enegy motions
while any motioninvolving rotationhaspositiveenepy.

In the generalcase, = 0 and = 0, the enegy of a
unit screwmotion () = oexp( ) where = and

[0 1],is ( +2 ). Puretranslation{ = 0)thushave
zeroenegy. Forageneralscrewmotion( = 0), the enegy of
thesegment [0 1]is ?( +2 ). Thesignof theenegy
of ageneramotionthereforedepend®n and .

4 CONCLUSION

Thesetof all displacementsf arigid bodyformsalie group

(3). ThelLie algebraof  (3), denotedby (3), represents
the spaceof twists and thereforeprovidesa natural settingfor
velocity analysis. In this paperwe investigatehow  (3) can
be endowedwith additionalstructureso that somewell-known
resultspertainingto ®nitedisplacemenénalysiscanbe derived.
We showthat a naturalsettingto studyscrewmotionsis  (3)
equippedwith a metric that belongsto a two-parametefamily
of semi-Riemanniarmetrics. The metricsin this family are
inde®niteand,in generalthey are non-degenerateViewedas
a quadraticform on  (3), the metricsarea linear combination
of the Killing form and the Klein form. We prove that any
non-degenerateetricin this family de®nes uniqguesymmetric
connectionfor which geodesicsare screw motions. We also
prove that thereis no Riemannianmetric which is compatible
with this connectiorandthereforeno Riemanniarmetric which
would havescrewmotionsfor geodesics.

A EQUATIONS DEFINING METRIC WITH SCREW MOTIONS
AS GEODESICS
In Section3.1we concludedhatEquation(28):

A( )=

NI =
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mustbe satis®edy the metricif screwmotionsare geodesics.
Thecoef®dcients  arethestructureconstant®f thelLie algebra
(3). We evaluatedthis equationin Mathematicato obtain
a systemof 126 partial differential equations that haveto be
solvedfor the metriccoef®cients . In theequationsve usethe

.. def A
abbreviation = A( ).
1=0 2 = 3 =
11 11 13 11 12
4:0 5 = 8 =
11 11 16 11 15
1 -1 2 - 1 3_;( 1)
12— 2 13 12 — 2 23 12 — 2\ 22 1
4 1 5 - 1 6_;( )
12~ 2 16 12 — 2 26 12 — 2\ 25 14,
1 - 1 2_;( ) 3 -1
13 — 2 12 13~ 2\ 11 33, 13~ 2 23
4 — 1 5_;( ) 6 — 1
13 — 2 15 13~ 2\ 14 36, 13~ 2 35
1 = 2 -1 3 -1
14—0 14—5(‘ 34 16) 14—5( 2t 15)
4 -0 5 - 1 6 —1
14— 14— 32 46 14~ 2 45
1 -1 2 — 1 3_;( )
15~ 2 16 15 — 2 35 15— 2\ 25 14,
4:0 5 = 1 6 —1
15 15 2 56 15~ 2 55
1 1 2 ;( ) 3 -1
16~ 2 15 16~ 2\ 14 36 16~ 2 26
4=0 5= 1 6 =1
16 16 2 66 16~ 2 56
1= 2 =0 3 =
22 23 22 22 12
4 — 5=0 8 =
22 26 22 22 24
1_;( ) 2 =1 3 - 1
23— 2\ 33 22 237~ 2 12 23— 2 13
4_;( ) 5 -1 6 — 1
23~ 2\ 36 25, 237 2 24 23— 2 34
1 -1 2 — 1 3_;( )
24— 2 34 24— 2 26 24 — 2\ 25 14,
4 _ 1 5 -0 6 — 1
24~ 2 46 24~ 24~ 2 44
1 -1 2 — 3 -1
25=5( 35+ 26) 55=0 3= 5(- 15 24)
4 _ 1 5 -0 6 — 1
25~ 2 56 25~ 25— 3 45
1_;( ) 2 =1 3 - 1
26 — 2\ 36 25, 26— 2 24 26 — 2 16
4 — 1 5 -0 6 — 1
26~ 2 66 26 26 2 46
1 - 2 — 3_0
337 23 337 13 337
4 — 5 — 6_0
33 35 33 34 33
1 - 1 2_;( ) 3 =1
34~ 3 24 34~ 2\ 14 36. 347~ 2 35
4 — 1 5 —1 6 =0
34 2 45 34 2 44 34
1_;( ) 2 =1 3 = 1
35— 2\ 36 25, 35~ 2 15 35 — 2 34
4 — 1 5 _ 1 6 =0
357 2 55 357 2 45 357
1 -1 2 -1 3 —
35=5(- 26 35 36=5( 16% 24) 36 =
4 — 1 5 _ 1 6 =0
36 2 56 36 2 46 36

(47)

22=0 4= 46 4= 45
4 _ 5 — 6
12=0 24=0 42=0

1 -1 2 - 1 3 1
45~ 3 46 45— 2 56 45 E( 55 44)
4 — 5 — 6 —
45=0 45—0 45—0
1= 1 2:1( ) 3 =1
46 2 45 46 ~ 2\ 44 66. 46~ 2 56
26:0 26:0 26:0

1 — 2 =0 3 —

55 56 55 55 45
4 _ 5 _ 6 —
55=0 55=0 55=0
1:;( ) 2 =1 3 - 1
56 — 3\ 66 55 56 — 2 45 56 2 46
4 _ 5 _ 6 —
56=0 56=0 56=0
1 — 2 - 3 —
86> 56 6= 46 s6=0

4 _ 5 — 6 —

66 =0 86=0 g6 =0

B LIE BRACKETS FOR 3)

In our derivationswe needto evaluatelLie bracketsof the
basisvector®eldsA . Accordingto Equation(6), sincethevector
®eldsA areleft invariant,it suf®ceso evaluatethe bracketson

(3). FromEquation(3) we obtain:

[ 1 =0 [1 2= 3 [1 3= 2
[ 1 4=0 [ 1 s]= 6 [1 6l= 5
[ 2 21=0 [ 2 3&]l=1 [2 4= &6
[ 2 =0 [2 6= 4 [ 3 3]=0
[ s 4=35 [3 s]= 4 [3 =0
[ 4 4=0 [ 4 s]=0 [ 2 6]=0
[ s =0 [ 5 6=0 [ 6 6l=0
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