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ABSTRACT
The set of spatial rigid body motionsforms a Lie group known

asthe specialEuclideangroupin threedimensions,��� (3). Chasles's
theoremstatesthat thereexistsa screwmotion betweentwo arbitrary
elementsof ��� (3). In this paperwe investigatewhetherthereexist a
Riemannianmetricwhosegeodesicsarescrewmotions. We provethat
no Riemannianmetricwith suchgeodesicsexistsandwe showthat the
metricswhosegeodesicsarescrewmotionsformatwo-parameterfamily
of semi-Riemannianmetrics.

1 INTRODUCTION
The set of all three-dimensionalrigid body displacements

formsa Lie group[4, 5]. This groupis generallyreferredto as
���

(3), the specialEuclideangroup in threedimensions. The
tangentspaceat theidentity endowedwith theLie bracketoper-
ationhasthestructureof a Lie algebraandis denotedby �
	 (3).
It is isomorphicto thesetof all twistsandtheLie bracketof two
twistscorrespondsto themotorproductof therespectivemotors.
A gooddiscussiononthegeometryof

���

(3) canbefoundin the
appendixof [10].

Thereis extensiveliteratureon thealgebraof twistsandthe
theoryof screws[1, 6, 7, 15]. It is well known that the inner
producton thespaceof twists, ��	 (3), inducedby theusualinner
producton IR6 is not invariantunderchangeof coordinateframes
[7, 8, 10]. But on the spaceof twists, thereare two quadratic
forms, the Killing form and the Klein form, that are invariant
underchangesof the inertial referenceframe aswell as under
changesof thebody-®xedreferenceframe[5] (theyarethusbi-
invariant).Howeverneitherformispositivede®nite:TheKilling
form is degenerateandtheKlein form is inde®nite.

An innerproducton ��	 (3) canbeextendedto a Riemannian
metriconthewholegroup

���

(3) by left (right) translation.Such

ametriciscalledleft (right) invariantandis invariantwith respect
to changeof inertial (body-®xed)frame. A left invariantmetric
for

���

(3), which is bi-invariantwhenrestrictedto thegroupof
rotations,

��


(3), andwhich preservesthe isotropyof IR3, was
proposedby ParkandBrockett[12]. Thismetricdependson the
choiceof a lengthscale.

A Riemannianmetric is everywherepositivede®niteandit
providesanotionof lengthof curvesonthemanifold. In contrast,
a metricwhich is non-degeneratebut inde®niteis calleda semi-
Riemannianmetric [2] andin this caseit is moreappropriateto
speakabout the energy of a curve. Curvesthat minimize the
energy betweentwo givenpointsareof particularinterest.Such
curvesarecalledgeodesicsandcanbeconsideredageneralization
of straightlinesin Euclideanspaceto Riemannianmanifolds.

Someof thegeodesicsfor thescaledependentleft invariant
metric introducedin [12], are screwmotions [11, 16]. Since
Chasles's theoremguaranteesthe existenceof a screwmotion
betweenanytwo pointson

���

(3), a naturalquestionis whether
thereexistsametricfor whicheverygeodesicis ascrewmotion.
We show that thereis no suchRiemannianmetric and that all
metricswhichhavescrewmotionsasgeodesicsbelongto atwo-
parameterfamily of semi-Riemannianmetrics.

Thepaperis organizedasfollows. In Section2,weintroduce
theframeworkof Lie groupsanddifferentialgeometryusedin the
restof thepaper. Wealsomakeprecisetheideasof aRiemannian
metricandanaf®neconnectionwith referenceto

���

(3). In Sec-
tion 3, we discussChasles's theorem,screwmotionsandscrew
displacementsusingtheframeworkof Section2. We reviewthe
scale-dependentleft invariantRiemannianmetric introducedin
[12] andshowthatfor thismetricsomeof thegeodesicsarescrew
motions. We thenprove the key resultof this paper, Theorem
3.6,in which themetricsfor whichscrewmotionsaregeodesics
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areidenti®ed.Weconcludethepaperwith ashortdiscussion.

2 KINEMATICS AND DIFFERENTIAL GEOMETRY

2.1 The Lie group
���

(3)
Considera rigid body moving in free space. Assumeany

inertial referenceframe � ®xedin spaceanda frame � ®xed
to thebodyat point


��

asshownin Figure1. At eachinstance,
the con®guration(position and orientation)of the rigid body
canbe describedby a homogeneoustransformationmatrix, � ,
correspondingto the displacementfrom frame � to frame � .
Thesetof all suchmatricesis called

���

(3), thespecialEuclidean
groupof rigid bodytransformationsin three-dimensions:

��� (3) =

���	�
�

= �
���

0 1 ���

����� �

3 � 3

�
����� �

3

�
�����

= �

�

det(
�

) = 1 � �

It is easyto show[10] that
���

(3) is a groupfor the standard
matrix multiplication andthat it is a manifold. It is thereforea
Lie group[13].
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Figure 1. The inertial (®xed) frame and the moving frame attached
to the rigid body

OnanyLie groupthetangentspaceat thegroupidentityhas
thestructureof aLie algebra.TheLie algebraof

���

(3), denoted
by ��	 (3), is givenby:

�
	 (3) =

�

�

W #

0 0 �%$

W & IR3 ' 3 (

#)& IR3 ( W* = + W�-, (1)

A 3 . 3 skew-symmetricmatrix W can be uniquely identi®ed
with a vector /0& IR3 so that for an arbitraryvector 12& IR3,
W1 = /3.�1 , where . is the vectorcrossproductoperationin

IR3. Eachelement
�

& ��	 (3) canbethusidenti®edwith a vector
pair 45/

(

#76 .
Givena curve � ( 8 ) : [ +:9

(

9 ] ;

���

(3), anelement
�

(8 ) of
theLie algebra��	 (3) canbeassociatedto thetangentvector Ç

� ( 8 )
atanarbitrarypoint 8 by:

�

( 8 ) = �=<

1( 8 ) Ç
� ( 8 ) , (2)

A curve on
���

(3) physically representsa motion of the rigid
body. If 45/ (8 ) (

# ( 8 ) 6 is the vector pair correspondingto
�

( 8 ),
then / physicallycorrespondsto theangularvelocityof therigid
bodywhile # is thelinearvelocityof theorigin


>�

of theframe� ,
bothexpressedin the frame � . In kinematics,elementsof this
form arecalledtwists[9] and �
	 (3) thuscorrespondsto thespace
of twists. It is easyto checkthat the twist

�

( 8 ) computedfrom
Equation(2) doesnot dependon thechoiceof theinertial frame

� . For this reason,
�

( 8 ) is calledtheleft invariantrepresentation
of thetangentvector Ç

� . Alternatively, thetangentvector Ç
� can

be identi®edwith a right invarianttwist (invariantwith respect
to the choice of the body-®xedframe � ). In this paperwe
concentrateontheleft invarianttwistsbut thederivationsfor the
right invarianttwistsareanalogous.

Since ��	 (3) is a vectorspace,anyelementcanbeexpressed
asa6 . 1 vectorof componentscorrespondingto achosenbasis.
Thestandardbasisfor �
	 (3) is:

?

1 = @A

AB

0 0 0 0
0 0 -1 0
0 1 0 0
0 0 0 0

CED

D

F

?

2 = @A

AB

0 0 1 0
0 0 0 0

-1 0 0 0
0 0 0 0

CED

D

F

?

3 = @A

AB

0 -1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

CED

D

F

?

4 = @A

AB

0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

CED

D

F

?

5 = @A

AB

0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

CED

D

F

?

6 = @A

AB

0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

CED

D

F

Thetwists
?

1,
?

2 and
?

3 representinstantaneousrotationsabout
and

?

4,
?

5 and
?

6 instantaneoustranslationsalongtheCartesian
axes 1 , G and H , respectively. The componentsof a twist

�

&

��	 (3) in thisbasisaregivenpreciselyby thevelocityvectorpair,
45/

(

#�6 .
The Lie bracketof two elements

�

1
(

�

2 & �
	 (3) is de®ned
by:

[
�

1
(

�

2] =
�

1
�

2 +

�

2
�

1 ,

It canbe easilyveri®edthat if 4I/ 1
(

# 1 6 and 4I/ 2
(

# 2 6 arevector
pairscorrespondingto thetwists

�

1 and
�

2, thevectorpair 45/

(

#�6

correspondingto their Lie bracket[
�

1
(

�

2] is givenby

45/

(

#76 = 45/ 1 .�/ 2
(

/ 1 .J# 2 + # 1 .�/ 2 6

, (3)
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In kinematics,this productoperationis calledthemotorproduct
of thetwo twists.

TheLie bracketof twoelementsof aLie algebraisanelement
of theLie algebra.Thus,it canbeexpressedasa linearcombi-
nationof thebasisvectors.Thecoef®cients���

� � correspondingto
theLie bracketsof thebasisvectorsarecalledstructureconstants
of theLie algebra[13]:

[
?

�

(

?

� ] =
�

�

�

�

� �

?

�

, (4)

The expressions(4) for �
	 (3), can be directly computedfrom
Equation(3) andarelistedin AppendixB.

2.2 Left invariant vector ®elds and exponential mapping
A differentiablevector ®eldis a smoothassignmentof a

tangentvectorto eachelementof themanifold. At eachpoint,a
vector®eldde®nesa uniqueintegral curveto which it is tangent
[3]. Formally, a vector®eld� is a (derivation)operatorwhich,
given a differentiablefunction, returnsits derivative (another
function)alongtheintegralcurvesof � .

An exampleof a differentiablevector®eld,� , on
���

(3) is
obtainedby left translationof anelement

�

& �
	 (3). Thevalue
of thevector®eld� atanarbitrarypoint � &

���

(3) is givenby:

� ( � ) = Ã�

( � ) = �

�

, (5)

A vector®eldgeneratedby Equation(5) is calleda left invariant
vector®eldandwe usethenotation Ã�

to indicatethatthevector
®eldwas obtainedby left translatingthe Lie algebraelement

�

. Right invariant vector ®eldscan be de®nedanalogously.
In general,a vector®eldneednot be left or right invariant. By
construction,thespaceof left invariantvector®eldsis isomorphic
to theLie algebra�
	 (3). In particular(see[3]):

[ Ã?

�

( Ã?

� ] = �[
?

�

(

?

� ] =
�

�

�

�

� � Ã?

�

, (6)

Sincethe vectors
?

1
(

?

2
(

, , ,

(

?

6 area basisfor the Lie al-
gebra �
	 (3), the vectors Ã?

1( � ) (

, , ,

( Ã?

6( � ) form a basisof the
tangentspaceat any point � &

���

(3). Therefore,any vector
®eld� canbeexpressedas

� =
6

�

�

=1

�

�

Ã?

�

( (7)

wherethecoef®cients�

�

vary over themanifold. If thecoef®-
cientsareconstants,then � is left invariant.By de®ning:

/ = [ �

1 (

�

2 (

�

3] *

(

# = [ �

4 (

�

5 (

�

6] *

(

we canassociateavectorpairof functions 4I/

(

#76 to anarbitrary
vector®eld � . If a curve � ( 8 ) describesa motion of the rigid
body and � = 	�


	��

is the vector®eldtangentto � ( 8 ), the vector
pair 45/

(

#�6 associatedwith � correspondsto the instantaneous
twist (screwaxis) for the motion. In general,the twist 4I/

(

#76

changeswith time.
Motions for which the twist 45/

(

#76 is constantare known
in kinematicsasscrew motions. In this casethe twist 4I/

(

#�6 is
called the screw axis of the motion. If the vector pair 4I/

(

#76

is interpretedasPlÈuckercoordinatesof a line in space,it is not
dif®cultto seethat the screwmotion physicallycorrespondsto
rotation aroundthis line with a constantangularvelocity and
concurrenttranslationalongtheline with aconstanttranslational
velocity.

Let thetwist
�

& �
	 (3) berepresentedbyavectorpair 45/

(

#�6

andlet � ( 8 ) beascrewmotionwith thescrewaxis 4I/

(

#�6 suchthat
� (0) = 
 . We de®netheexponentialmapexp : ��	 (3) ;

���

(3)
by:

exp( 8

�

) = � ( 8 ) , (8)

UsingEquation(2) wecanshowthattheexponentialmapagrees
with theusualexponentiationof thematricesin IR4 ' 4:

exp(8

�

) = �

�

�

=0

8�� S�

�

!
( (9)

whereS denotesthe matrix representationof the twist
�

. The
sumof this seriescanbe computedexplicitly andthe resulting
expression,when restrictedto

��


(3), is known as Rodrigues'
formula. Theformulafor thesumin

���

(3) is derivedin [10].

2.3 Riemannian metrics on Lie groups
If a smoothlyvarying,positivede®nite,bilinear, symmetric

form �

,

(

,�� is de®nedon the tangentspaceat eachpoint on
the manifold, suchform is calleda Riemannianmetric andthe
manifold is Riemannian[3]. If the form is non-degeneratebut
inde®nite,the metric is called semi-Riemannian[2]. On a �

dimensionalmanifold, the metric is locally characterizedby a
��.�� matrix of �

�

functions �

� � = ���

�

(

�

�

� where �

� are
basisvector ®elds1. If the basisvector ®eldscan be de®ned
globally, thenthematrix [ �

� � ] completelyde®nesthemetric.
On

���

(3) (on any Lie group),an innerproducton theLie
algebracanbeextendedtoaRiemannianmetricoverthemanifold
using left (or right) translation. To seethis, considerthe inner
productof two elements

�

1
(

�

2 & �
	 (3) de®nedby

�

�

1
(

�

2 �

$ �

= �
* 1 �

� 2
( (10)

1Thebasisvector®eldsneednotbethecoordinatebasis;weonly requirethat
theyaresmooth.
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where � 1 and � 2 arethe6 . 1 vectorsof componentsof
�

1 and
�

2 with respectto somebasisand
�

is apositivede®nitematrix.
If � 1 and � 2 are tangentvectorsat an arbitrarygroupelement

� &

���

(3), theinnerproduct � � 1
(

� 2 �

$




in thetangentspace
�




���

(3) canbede®nedby:

� � 1
(

� 2 �

$




= � �

<

1
� 1

(

�

<

1
� 2 �

�

�

�

, (11)

Themetricobtainedin sucha way is saidto beleft invariant[3]
sinceleft translationby anyelement� is anisometry.

2.4 Af®ne connection and covariant derivative
Motion of a rigid body can be representedby a curve on

���

(3). Thevelocityatanarbitrarypoint is thetangentvectorto
thecurveat thatpoint. In orderto obtaintheacceleration,or to
engagein adynamicanalysis,weneedto beableto differentiate
a vector®eldalong the curve. At eachpoint �"&

���

(3), the
valueof a vector ®eldbelongsto the tangentspace

�




���

(3)
andto differentiatea vector®eldalonga curve,we mustbeable
to subtractvectorsfrom tangentspacesat differentpointson the
curve. But tangentspacesat different points are not related.
We thus have to specify how to transporta vector along the
curvefrom onetangentspaceto another. This processis called
parallel transportand is formalizedwith the af®neconnection
[14]. Given any curve � ( 8 ), a parametervalue 8 0 anda vector

� in
�




(
�

0)
���

(3), the tangentspaceat point � ( 8 0), the af®ne
connectionassignsto eachotherparametervalue8 avector �

�

&

�




(
�

)
���

(3). By de®nition,�

�

is theparalleltransportof � along
the curve � ( 8 ). Vectors �

�

and � are also said to be parallel
along � ( 8 ).

A derivativeof a vector®eldalonga curve � ( 8 ) is de®ned
throughthe parallel transport. Let � be a vector®eldde®ned
along � (8 ), and let � (8 ) standfor � ( � ( 8 )). Denoteby �

�

0 (8 )
theparalleltransportof thevector � (8 ) to thepoint � ( 8 0). The
covariantderivativeof � along � (8 ) is:

�

�

�

8

�

�

�

�

�

0

= lim
��� �

0

�
�

0( 8 ) +�� ( 8 0)
8

, (12)

By takingcovariantderivativesalongintegralcurvesof a vector
®eld � , we obtaina covariantderivativeof the vector®eld �

with respectto thevector®eld� . Thisderivativeis alsodenoted
by �
	 � :

�
	 �

$




0
=

�

�

�

8

�

�

�

�

�

0

( (13)

where �
�

	��

is takenalongtheintegralcurveof � passingthrough
� 0 at 8 = 8 0.

The notionsof the covariantderivativeandparallelismare
equivalent. In this sectionwe de®nedthe covariantderivative
throughparalleltransport. However, givenacovariantderivative,
wecanalwaysde®nethata®eld� is parallelalongacurve � (8 )
if:

�����

���

� = 0 ,

The covariantderivativeof a vector®eldis anothervector
®eldso it canbeexpressedasa linearcombinationof the basis
vector®elds.Thecoef®cientsG�

��� of thecovariantderivativeof a
basisvector®eldalonganotherbasisvector®eld,

� Ã���

Ã?

� =
�

�

G�

� � Ã?

�

( (14)

arecalledChristoffelsymbols2. Note the reversedorderof the
indices � and � .

Thevelocity, � ( 8 ), of the rigid bodydescribingthemotion
� ( 8 ) is givenby thetangentvector®eldalongthecurve:

� ( 8 ) =
�

� (8 )
�

8

,

Theacceleration,� ( 8 ), is thecovariantderivativeof thevelocity
alongthecurve

� =
D

�

8

�

�

�

�

8��

= �
���

, (15)

Note that theaccelerationdependson thechoiceof theconnec-
tion. We canalsode®nejerk, � , asthe covariantderivativeof
theacceleration:

� =
D

�

8

� ( 8 ) = �
���
���

, (16)

GivenaRiemannianmanifold,thereexistsauniqueconnec-
tion [3] which is compatiblewith themetric:

� � �

("!

� = �#�

�

�

("!

� + � �

(

�

�

!

� (17)

andsymmetric:

�

�

� +$�
	 � = [ �

(

� ] , (18)

2In theliterature,differentde®nitionsfor theChristoffel symbolscanbefound.
Sometexts(e.g. [3]) reservethetermfor thecaseof thecoordinatebasisvectors.
We follow themoregeneralde®nitionfrom [14] in which thebasisvectorscan
bearbitrary.
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This connectionis called the Levi-Civita or Riemanniancon-
nection. It can be shown[3] that the compatibility condition
(17) is equivalentto sayingthat the paralleltransportpreserves
the inner product. In other words, if � ( 8 ) is a curve and

� and � are two vector ®eldsobtainedby parallel transport-
ing two vectors � 0 and � 0 from

�




0

���

(3) along � ( 8 ), then
� �

(

�

�

$




(
�

) = � � 0
(

� 0 �

$




0
= const,

2.5 Geodesics
GivenaRiemannianmetric �

,

(

, � on
���

(3) wecande®ne
thelength,

?

( � ), of a smoothcurve � : [ 9

(�� ] ;

���

(3) by:

?

( � ) =
���

�

�

�

�

�

8

(

�

�

�

8

�

1
2

�

8 (19)

Among all the curvesconnectingtwo points, we are usually
interestedin the curveof minimal length. It is not dif®cultto
see[3] thata curveof minimal lengthalsominimizestheenergy
functional:

�

( � ) =
�

�

�

�

�

�

�

8

(

�

�

�

8

�

�

8

, (20)

If a curveminimizesa functional,it mustbealsoacritical point.
Critical pointsof the energy functional

�

satisfythe following
equation[3]:

�����

� �

�

�

�

8

= 0 , (21)

where� is theRiemannianconnection,andarecalledgeodesics.
From what we saidaboutthe covariantderivativeandparallel
transport,it follows that a geodesicis a curve � ( 8 ) for which
the tangentvector®eld 	�


	��

is parallel: from a valueat a point
we can obtain its value at any other point by simply parallel
transportingit alongthecurve� ( 8 ). Ontheotherhand,According
to Eq. (15), theexpression�����

���

	�


	��

is theaccelerationof motion
describedby � ( 8 ). Motion alonga geodesicthereforeproduces
zeroacceleration.

3 METRICS AND SCREW MOTIONS
Oneof thefundamentalresultsin rigid bodykinematics[9]

wasprovedby Chaslesat thebeginningof the19thcentury:

Theorem 3.1(Chasles) Anyrigid bodydisplacementcanbere-
alizedby a rotation aboutan axis combinedwith a translation
parallel to thataxis.

Notethata displacementmustbeunderstoodasanelement
of

���

(3) while amotionis acurveon
���

(3). If therotationfrom
theChasles's theoremis performedat constantangularvelocity
andthe translationat constanttranslationalvelocity, themotion
leading to the displacementclearly becomesa screw motion.
Chasles'stheoremthereforesaysthatanyrigid bodydisplacement
canberealizedby a screwmotion.

Anotherfamily of curvesof particularintereston
���

(3) are
theone-parametersubgroups. A curve � (8 ) is a one-parameter
subgroup,if � ( 8 1 + 8 2) = � ( 8 1) � ( 8 2). The one-parametersub-
groupson

���

(3) aregivenby [3]:

� ( 8 ) = exp(8

�

) (22)

where
�

is anelementof �
	 (3). Fromour discussionin Section
2.2 it is clearthat the oneparametersubgroupsareexactly the
screwmotions which passthroughthe identity. In Chasles's
theorem,we canobviouslyassumethatthebody®xedframe �

is initially alignedwith the inertial frame � . Therefore,in the
languageof differentialgeometry, thetheoremcanberestatedas
follows:

Theorem 3.2(Chaslesrestated) For every elementin
���

(3)
there is a one-parametersubgroup (screw motion through the
identity)to whichthatelementbelongs.

Except for the identity, the screwaxis for every element
is unique, but there are in®nitely many screw motions along
that axis which containthe element,eachcharacterizedby the
numberof rotationsalongthescrewaxis.Thefollowing corollary
immediatelyfollows from thetheorem:

Corollary 3.3 If � 1 and � 2 are two distinctelementsof
���

(3),
then:

(1) There existsa one-parametersubgroup, �

� (8 ) = exp(8

�

� ),
whichwhenleft translatedby � 1 contains� 2:

�

� ( 8 ) = � 1 exp(8

�

� ) (

� 2 = �

� (1) = � 1 exp(
�

� ) ,

(2) There existsa one-parametersubgroup, ��� ( 8 ) = exp(8

�

� ),
whichwhenright translatedby � 1 contains� 2:

�
� ( 8 ) = exp(8

�

� ) � 1
(

� 2 = �
� (1) = exp(

�

� ) � 1 ,

(3) For each
�

� in (1) wecan®ndthecorresponding
�

� in (2)
by:

�

� = � 1
�

�

�

<

1
1

(

suchthat
�

� ( 8 ) = �	� ( 8 ) ,
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Proof: Statement(1) (respectively(2)) followsfromTheorem3.2
if we left (right) translatetheone-parametersubgroupto which

�

<

1
� 2 ( � 2 �

<

1) belongs.To see(3), notethat:

� 1 exp(8

�

� ) = � 1 �

�

�

=0

8��

�

�

�

�

!
= �

�

�

=0

8�� ( � 1
�

�

�

<

1
1 ) �

�

!
� 1 ,��

ParkandBrockett[12] proposedaleft invariantRiemannian
metricon

���

(3) givenby:

�

= �

�


 0
0 � 


�

(23)

where� and � arepositivescalars.
Park [11] derived the geodesicsfor the metric (23) and

showedthattheyareproductsof thegeodesicsfor thebi-invariant
metric on

��


(3) and geodesicsin the EuclideanspaceIR3.
Geodesicsfor the bi-invariantmetric on

��


(3) are the restric-
tions of the screwmotionsto

��


(3) [11], while straightlines
parameterizedproportionallyto theline lengtharethegeodesics
for theEuclideanspaceIR3. A geodesicbetweentwo elements

�

�

1
�

1

0 1 �

and
�

�

2
�

2

0 1 �

thusphysicallycorrespondsto atranslationof theorigin

 �

of the
body®xedframe � with a constanttranslationalvelocity along
theline connectingthepointsdescribedwith thepositionvectors

�

1 and
�

2, andconcurrentrotationof theframe � with constant
angularvelocity aboutan axis passingthroughtheorigin


 �

of
theframe � which translatestogetherwith thepoint


>�

.
It isclearthatsuchamotionis, in general,notascrewmotion

sincetheaxisaroundwhichthebodyrotatesis not®xedin space.
However, if theaxisof rotationis collinearwith theline between

�

1 and
�

2 along which the body translates,the rotationalaxis
doesnotchangeasthebodymovesandthegeodesicis therefore
a screwmotion. It follows thata screwmotion is a geodesicif
andonly if it is obtainedby left translationof a one-parameter
subgroupfor which thescrewaxis passesthroughthe origin




of theframe � .

3.1 Screw motions as geodesics
Giventhatanytwoelementsof

���

(3) canbeconnectedwith
ascrewmotion,andgiventhatthereexistsa left invariantmetric
whosegeodesicsincludecertainscrewmotions,it isnaturaltoask
whetherthereareRiemannianmetricsfor whicheverygeodesic
is ascrewmotion.

Beforewe proceed,we turn our attentionbackto Corollary
3.3. The corollary saysthatany screwmotion canbe obtained

in two ways: eitherby a left or by a right translationof a (in
generaldifferent)one-parametersubgroup. Now supposethat
thescrewmotionsaregeodesics.Corollary3.3impliesthataleft
or a right translationof a geodesicproducesanothergeodesic.
We might thereforewrongly concludethatanymetricfor which
thescrewmotionsaregeodesicsmustbeinvariantunderleft and
right translationsand thereforebi-invariant. Suchreasoningis
falsesinceamapwhichpreservesgeodesicsdoesnotnecessarily
preservethemetric (is not necessaryanisometry)! This is clear
if we consideraf®netransformationsin Euclideanspace:They
maplines into lines (that is, they mapgeodesicsto geodesics),
butin general,theydonotpreservelengthsof vectors.Therefore,
we cannotlimit our searchto left or right invariantmetrics.

We nowderivethefamily of metricswhichhavescrewmo-
tionsfor geodesics.Aswesawin Section2.2,thetwistassociated
with a screwmotion � (8 ) is constant. The tangentvector®eld

� = 	��

	��

is thereforea left invariantvector®eldandit hascon-
stantcomponentswith respectto thechosenbasisvector®elds:

� = �

�

Ã?

� . If � solvesEq. (21),wehave:

0 = �
��� =
�

�

�

�

�

�

8

Ã?

� +
�

��� �

�

�

�

�

� Ã���

Ã?

�

=
�

��� �

�

�

�

�

� Ã���

Ã?

�

, (24)

The aboveequationis satis®edfor any screwmotion (arbitrary
choiceof thecomponents�

�

) if andonly if

� Ã���

Ã?

� + � Ã�
	

Ã?

� = 0 ,

Since� is a metricalconnection,it is symmetric(Eq. 18):

� Ã�
�

Ã?

�

+$� Ã�
	

Ã?

� = [ Ã?

�

( Ã?

� ] ,

It immediatelyfollows that:

� Ã�
�

Ã?

� =
1
2

[ Ã?

�

( Ã?

� ] , (25)

Further, � mustbe compatiblewith themetric (Eq. 17), sowe
have:

Ã?

�

�

Ã?

�

( Ã?

�

� = � � Ã���

Ã?

�

( Ã?

�

� + �

Ã?

�

(

� Ã���

Ã?

�

�%, (26)

Letting �

� � = �

Ã?

�

( Ã?

�

� , thelastequationimplies:

Ã?

�

( �

� � ) =
1
2




� [ Ã?

�

( Ã?

� ] ( Ã?

�

� + �

Ã?

�

( [ Ã?

�

( Ã?

� ] ��� , (27)
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By expressingtheLie bracketsfrom Eq. (4), we®nallyobtain:

Ã?

�

( �

� � ) =
1
2

�

�

( �

�

�

�

�

� � + �

�

�

�

�

� � ) , (28)

Note that the coef®cients � �

� � are constantover the manifold
(Eq. 6). The abovederivationis summarizedin the following
proposition:

Proposition3.4 Screw motionssatisfy the geodesicequation
(21) for a Riemannianmetricgivenby thematrix of coef®cients

�

= � �

� ��� if andonly if thecoef®cients� � � satisfyEq. (28).

Themetriccoef®cients�

� � aresymmetricbyde®nition.Since
���

(3) is a 6 dimensionalmanifold, thereare 21 independent
coef®cients4 �

� �

$

1 � ��� ��� 6 6 . Further, thereare6 basis
vector®eldshenceEq. (28) expandsto a total of 126equations.
Eachvector®eldrepresentsa derivationimplying that theseare
partial differentialequations.The completesetof equationsis
givenin AppendixA.

We needthe following lemmato derivethesolutionfor the
systemof equationsgivenby (28):

Lemma 3.5 Givena setof partial differentialequations

� ( � ) = �
	 (29)

� ( � ) = �
� (30)
! ( � ) = �
� (31)

where � , � , and ! are vector®eldssuchthat ! = [ �

(

� ], �

is twicedifferentiable,and �
	 , �

� and �
� are differentiable(real

valued)functions,thesolutionexistsonly if

� ( �
� ) +�� ( �
	 ) = �
�

, (32)

Proof: By applying� onEq. (30), � onEq. (29)andsubtracting
thetwo resultingequations,we get:

� � ( � ) + ��� ( � ) = � ( �
� ) + � ( �

	 ) , (33)

But the left-handside is by de®nition[ �

(

� ]( � ), which is by
assumptionequalto ! ( � ). Equation(32) thenfollows from Eq.
(31).

�

Wenextstatethe®rstkey theoremof this chapter:

Theorem 3.6 A matrix of coef®cients
�

= � �

� �
� satis®esthe
systemof partial differential equations(28) if andonly if it has
theform

�

= �

�


 3 ' 3 � 
 3 ' 3

� 
 3 ' 3 03 ' 3 �

( (34)

where � and � are constants.

Proof: To ®ndthemetriccoef®cients,westartwith thefollowing
subsetof (47):

Ã?

1( � 11) = 0 Ã?

2( � 11) = + � 13 Ã?

3( � 11) = � 12 , (35)

First, observethat [ Ã?

1
( Ã?

2] = Ã?

3 (seeAppendixB). By applica-
tion of Lemma3.5,thefollowing equationmusthold:

+

Ã?

1( � 13) = � 12 , (36)

But from (47),we have:

Ã?

1( � 13) = +

1
2

� 12 ,

Therefore,Eq. (36)becomes:

1
2

� 12 = � 12 ,

Obviously, thisimpliesthat � 12 = 0. Wenextobservethat � 12 = 0
implies Ã?

� ( � 12) = 0 ( 1 � ��� 6. Fromthesystem(47)weobtain:

� 13 = 0 � 23 = 0 � 11 = � 22

� 16 = 0 � 26 = 0 � 14 = � 25 ,

(37)

Fromtheseequationsand(47)we furtherobtain:

� 15 = 0 � 24 = 0 � 11 = � 33

� 34 = 0 � 35 = 0 � 14 = � 36

� 44 = 0 � 45 = 0 � 46 = 0
� 55 = 0 � 56 = 0 � 66 = 0 ,

(38)

Next observationis that Ã?

� ( � 11) = 0 ( 1 � ��� 6. This, together
with Eqs. (37)and(38) implies:

� 11 = � 22 = � 33 = �

(
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where� is anarbitraryconstant.Similarly, weobtain

� 14 = � 25 = � 36 = �

(

for anarbitraryconstant� . In this way we haveobtainedall 21
independentvaluesof

�

. The readercaneasilycheckthat the
systemof equations(47) is satis®edby theabovevalues.

�

Corollary 3.7 There is no Riemannianmetric whosegeodesics
are screwmotions.

Proof: It is easyto checkthata matrixof theform

�

=
�

�


 3 ' 3 � 
 3 ' 3

� 
 3 ' 3 03 ' 3 �

(

hastwo distinctrealeigenvalues

�

1 =
1
2

( � +
�

� 2 + 4�

2)
�

2 =
1
2

( �

+

�

� 2 + 4�

2) (

which bothhavemultiplicity 3. For anychoiceof � and � , the
productof theeigenvaluesis

�

1
�

2 = +��

2
� 0. Therefore,

�

is
notpositivede®niteasrequiredfor a Riemannianmetric.

�

3.2 Invariance of the family of metrics (34)
Metrics of the form (34) form a two-parameterfamily of

semi-Riemannianmetricsand can be studiedin a similar way
asRiemannianmetrics. In particular, we can investigatetheir
invarianceproperties.By de®nition,a metric is left invariantif
for any �

(��

&

���

(3) andfor anyvector®elds� and � :

� � ( � ) (

� ( � ) �

$ �

= �	� � ( � ) (

� � ( � ) �

$




�

( (39)

andit is right invariantif:

� � ( � ) (

� ( � ) �

$ �

= � � ( � ) �

(

� ( � ) �

�

$ �




, (40)

Lemma 3.8 If
�

1 and
�

2 are twoelementsof �
	 (3) anda metric
of theform (34) is de®nedon

���

(3), thenfor any � &

���

(3)

�

�

1
(

�

2 �

$

�

= � Ad



(
�

1) ( Ad



(
�

2) �

$

�

, (41)

(The mapAd : �
	 (3) ; �
	 (3) is calledthe adjoint mapandif
�

is representedby a matrix, the mapis de®nedby Ad



(
�

) =
�

�

�

<

1.)
Proof: Let

�

1 = 45/ 1
(

# 1 6 and
�

2 = 45/ 2
(

# 2 6 . By astraightforward
algebraiccalculationit canbeshownthatfor

�

= 45/

(

#76=& �
	 (3)
and � &

���

(3), where

� = �

�

�

0 1 �

thevalueof Ad



(
�

) isgivenbyAd



(
�

) = 4

�

/

(

�

# + (
�

/ ) .

�

6

where . is theusualvectorcrossproduct.Therefore,we have:

� Ad



(
�

1) ( Ad



(
�

2) �

$ �

= � 4

�

/ 1
(

�

# 1 + (
�

/ 1) .

�

6

(

4

�

/ 2
(

�

# 2 + (
�

/ 2) .

�

6

�

$ �

= � (
�

/ 1) * (
�

/ 2) + � (
�

/ 1) * (
�

# 2 + (
�

/ 2) .

�

)

+ � (
�

/ 2) * (
�

# 1 + (
�

/ 1) .

�

)

= �

/ *1 / 2 + � ( /�* 1 # 2 + / *2 # 1)

+ � � (
�

/ 1) * ((
�

/ 2) .

�

) + (
�

/ 2)* ((
�

/ 1) .

�

) �

= �

/ *1 / 2 + � ( /�* 1 # 2 + / *2 # 1)

= � 45/ 1
(

# 1 6

(

4I/ 2
(

# 2 6

�

$
�

= �

�

1
(

�

2 �

$
�

�

Proposition 3.9 Any left invariant metric
�

that satis®esEq.
(41) is bi-invariant (both,left andright invariant).

Proof: We haveto prove that
�

is right invariant. Take two
vector®elds� and � . Sincethemetric

�

is left invariant,we
have:

� � ( � ) �

(

� ( � ) �

�

$ �




= � ( �

� )
<

1
� ( � ) �

( ( �

� )
<

1
� ( � ) �

�

�

�

�

= �	� <

1
�

<

1
� ( � ) �

(

� <

1
�

<

1
� ( � ) �

�

�

�

�

,

By Eq. (41),

� �

<

1 �

<

1
� ( � ) �

(

�

<

1 �

<

1
� ( � ) �

�

�

�

�

(42)

= �

�

<

1
� ( � ) (��

<

1
� ( � ) �

�

�

�

, (43)

But becauseof theleft invarianceof
�

, thelastexpressionis:

�

�

<

1
� ( � ) (��

<

1
� ( � ) �

�

�

�

= � � ( � ) (

� ( � ) �

$ �

(

asrequired.
�
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Corollary 3.10 Anymetric
�

of theform(34) is bi-invariant.

Proof: It is obvious that a metric
�

of the form (34) is left
invariant, sinceit is constantfor the basisof the left invariant
vector®elds Ã?

� . By Lemma3.8 andProposition3.9,
�

is bi-
invariant.

�

3.3 Geodesics of the family of metrics (34)
Analogousto the Riemanniancase,we could de®nethe

lengthof a curve � (8 ) betweentwo points � (8 1) and � ( 8 2) on
���

(3) by:

?

( � ; 8 1
(

8 2) =
�

�

2

�

1

�

�

�

�

8

(

�

�

�

8

�

1
2

�

8

, (44)

But
�

is notpositivede®nite,sothelengthof acurvewouldbein
generalacomplexnumber. Therefore,it is moreusefulto de®ne
themeasureof theenergy of a curve:

�

( � ; 8 1
(

8 2) =
�

�

2

�

1

�

�

�

�

8

(

�

�

�

8

�

�

8

, (45)

Since
�

is not positive de®nite,the energy of a curvecan, in
general,be negative. Therearealsonon-trivial curves(that is,
curvesthatarenot identicallyequalto a point) which havezero
energy.

Two specialcasesof metric (34) areof particularinterest.
With � = 0 and � = 1 we obtainthemetric:

�

=
�

03 ' 3 
 3 ' 3


 3 ' 3 03 ' 3 �

,

This metric, taken as a quadratic form on �
	 (3), is known
as the Klein form. The eigenvaluesfor the metric are

4 1 ( 1 ( 1 (

+ 1 (

+ 1 (

+ 1 6 andthe form is thereforenon-degenerate.
For a screwmotion � ( 8 ) = � 0 exp(8

�

) where
�

= 45/

(

#76 &

�
	 (3), the energy of the segment8>& [0 ( 1] is givenby
�

( � ) =
2 /

*

# . If /�� = 0, thequantity:

�

=
/

*

#

$

/

$

2
(46)

is calledthepitch of thescrewmotion [6]. Thepitch measures
theamountof translationalongthescrewaxisduring thescrew
motion. Zero energy screwmotionsthereforeeitherhavezero
pitch (the motion is purerotation)or in®nitepitch ( / = 0, the
motionis puretranslation).Screwmotionswith positiveenergy

arethosewith positivepitch. Trajectoriesfor suchmotionscor-
respondto right-handedhelicesandthe motionsarethuscalled
right-handedscrewmotions. Analogously, screwmotionswith
negativeenergy arethe left-handedscrewmotions. Sincepure
rotationsandpuretranslationsarezero-energy motions,it is al-
wayspossibleto ®nda zeroenergy curvebetweentwo arbitrary
pointsby breakingthemotioninto asegmentconsistingof apure
rotationfollowedby a segmentof apuretranslation.

By letting � = 1 and � = 0, we getthesemi-de®nitemetric:

�

= �


 3 ' 3 03 ' 3

03 ' 3 03 ' 3 �

,

This metric, asa form on �
	 (3), is calledthe Killing form. Its
eigenvaluesare 4 1 ( 1 ( 1 ( 0 ( 0 ( 0 6 henceit is degenerate.Theen-
ergy of a screwmotionwith

�

= 4I/

(

#76 is equalto /

*

/ so it is
alwaysnon-negative.Puretranslationsarezero-energy motions
while anymotioninvolving rotationhaspositiveenergy.

In the generalcase, �

�= 0 and ��� = 0, the energy of a
unit screwmotion � ( 8 ) = � 0 exp(8

�

) where
�

= 4I/

(

#76 and
8 & [0 ( 1], is /

*

( �

/ + 2�># ). Puretranslations( / = 0) thushave
zeroenergy. For a generalscrewmotion ( /�� = 0), theenergy of
thesegment8=& [0 ( 1] is

$

/

$

2( � + 2�

�

). Thesignof theenergy
of a generalmotionthereforedependson � and � .

4 CONCLUSION
Thesetof all displacementsof arigid bodyformsaLie group

���

(3). TheLie algebraof
���

(3), denotedby �
	 (3), represents
the spaceof twists and thereforeprovidesa naturalsettingfor
velocity analysis. In this paperwe investigatehow

���

(3) can
be endowedwith additionalstructureso that somewell-known
resultspertainingto ®nitedisplacementanalysiscanbederived.
We showthata naturalsettingto studyscrewmotionsis

���

(3)
equippedwith a metric that belongsto a two-parameterfamily
of semi-Riemannianmetrics. The metrics in this family are
inde®niteand, in general,they arenon-degenerate.Viewedas
a quadraticform on ��	 (3), the metricsarea linear combination
of the Killing form and the Klein form. We prove that any
non-degeneratemetricin this family de®nesa uniquesymmetric
connectionfor which geodesicsare screw motions. We also
prove that thereis no Riemannianmetric which is compatible
with this connectionandthereforeno Riemannianmetricwhich
wouldhavescrewmotionsfor geodesics.

A EQUATIONS DEFINING METRIC WITH SCREW MOTIONS
AS GEODESICS

In Section3.1we concludedthatEquation(28):

Ã?

�

( �

� � ) =
1
2

�

�

( �

�

�

�

�

� � + �

�

�

�

�

� � ) (
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mustbe satis®edby the metric if screwmotionsaregeodesics.
Thecoef®cients� �

� � arethestructureconstantsof theLie algebra
�
	 (3). We evaluatedthis equationin Mathematicato obtain
a systemof 126 partial differential equations,that haveto be
solvedfor themetriccoef®cients�

� � . In theequationsweusethe

abbreviation�

�

� �

def
= Ã?

�

( �

� � ).

�

1
11 = 0 �

2
11 = ��� 13 �

3
11 = � 12

�

4
11 = 0 �

5
11 = ��� 16 �

6
11 = � 15

�

1
12 = 1

2 � 13 �

2
12 = �

1
2 � 23 �

3
12 = 1

2 ( � 22 ��� 11)

�

4
12 = 1

2 � 16 �

5
12 = �

1
2 � 26 �

6
12 = 1

2 ( � 25 ��� 14)

�

1
13 = �

1
2 � 12 �

2
13 = 1

2 ( � 11 ��� 33) �

3
13 = 1

2 � 23

�

4
13 = �

1
2 � 15 �

5
13 = 1

2 ( � 14 ��� 36) �

6
13 = 1

2 � 35

�

1
14 = 0 �

2
14 = 1

2 (- � 34 ��� 16) �

3
14 = 1

2 ( � 24 + � 15)

�

4
14 = 0 �

5
14 = �

1
2 � 46 �

6
14 = 1

2 � 45

�

1
15 = 1

2 � 16 �

2
15 = �

1
2 � 35 �

3
15 = 1

2 ( � 25 ��� 14)

�

4
15 = 0 �

5
15 = �

1
2 � 56 �

6
15 = 1

2 � 55

�

1
16 = �

1
2 � 15 �

2
16 = 1

2 ( � 14 ��� 36) �

3
16 = 1

2 � 26

�

4
16 = 0 �

5
16 = �

1
2 � 66 �

6
16 = 1

2 � 56

�

1
22 = � 23 �

2
22 = 0 �

3
22 = ��� 12

�

4
22 = � 26 �

5
22 = 0 �

6
22 = ��� 24

�

1
23 = 1

2( � 33 ��� 22) �

2
23 = 1

2 � 12 �

3
23 = �

1
2 � 13

�

4
23 = 1

2( � 36 ��� 25) �

5
23 = 1

2 � 24 �

6
23 = �

1
2 � 34

�

1
24 = 1

2 � 34 �

2
24 = �

1
2 � 26 �

3
24 = 1

2 ( � 25 ��� 14)

�

4
24 = 1

2 � 46 �

5
24 = 0 �

6
24 = �

1
2 � 44

�

1
25 = 1

2( � 35 + � 26) �

2
25 = 0 �

3
25 = 1

2 (- � 15 ��� 24)

�

4
25 = 1

2 � 56 �

5
25 = 0 �

6
25 = �

1
2 � 45

�

1
26 = 1

2( � 36 ��� 25) �

2
26 = 1

2 � 24 �

3
26 = �

1
2 � 16

�

4
26 = 1

2 � 66 �

5
26 = 0 �

6
26 = �

1
2 � 46

�

1
33 = ��� 23 �

2
33 = � 13 �

3
33 = 0

�

4
33 = ��� 35 �

5
33 = � 34 �

6
33 = 0

�

1
34 = �

1
2 � 24 �

2
34 = 1

2 ( � 14 ��� 36) �

3
34 = 1

2 � 35

�

4
34 = �

1
2 � 45 �

5
34 = 1

2 � 44 �

6
34 = 0

�

1
35 = 1

2( � 36 ��� 25) �

2
35 = 1

2 � 15 �

3
35 = �

1
2 � 34

�

4
35 = �

1
2 � 55 �

5
35 = 1

2 � 45 �

6
35 = 0

�

1
36 = 1

2(- � 26 �	� 35) �

2
36 = 1

2 ( � 16 + � 34) �

3
36 = 0

�

4
36 = �

1
2 � 56 �

5
36 = 1

2 � 46 �

6
36 = 0

(47)

�

1
44 = 0 �

2
44 = ��� 46 �

3
44 = � 45

�

4
44 = 0 �

5
44 = 0 �

6
44 = 0

�

1
45 = 1

2 � 46 �

2
45 = �

1
2 � 56 �

3
45 = 1

2( � 55 ��� 44)

�

4
45 = 0 �

5
45 = 0 �

6
45 = 0

�

1
46 = �

1
2 � 45 �

2
46 = 1

2( � 44 ��� 66) �

3
46 = 1

2 � 56

�

4
46 = 0 �

5
46 = 0 �

6
46 = 0

�

1
55 = � 56 �

2
55 = 0 �

3
55 = ��� 45

�

4
55 = 0 �

5
55 = 0 �

6
55 = 0

�

1
56 = 1

2( � 66 ��� 55) �

2
56 = 1

2 � 45 �

3
56 = �

1
2 � 46

�

4
56 = 0 �

5
56 = 0 �

6
56 = 0

�

1
66 = ��� 56 �

2
66 = � 46 �

3
66 = 0

�

4
66 = 0 �

5
66 = 0 �

6
66 = 0

B LIE BRACKETS FOR
���

(3)
In our derivationswe needto evaluateLie bracketsof the

basisvector®eldsÃ?
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