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Abstract

A mechanical system subject to constraints typically undergoes changes in the
dynamics as the set of active constraints changes, and can be thus modeled as a
hybrid system. The focus of this paper is on devices that switch between constraints
in order to locomote. An important component of a motion plan for a hybrid system
is a sequence of dynamic regimes that it needs to traverse to reach the goal. Finding
this sequence can lead to a combinatorial complexity of motion planning algorithms.
We show that controllability analysis can be exploited to reduce this complexity.
However, since switches between dynamic regimes result in discontinuous changes
in the vector fields describing the system, classical controllability results are not
applicable. We characterize the controllability of locomotion devices that are able
to switch between dynamic regimes at an arbitrary point in the configuration space.
We use the analysis to compute sub-optimal motion plans for a simple locomotion
device consisting of a planar linkage sliding on a frictionless surface that can clamp
a subset of its links to the surface.

1 Introduction

In this paper we study motion planning for a class of systems that can locomote by
switching between constraints. Locomotion devices belong to the class of mechanical
control systems (Lagrangian systems) and have a special structure that can be fruitfully
exploited for control. However, several locomotion modalities, including legged locomo-
tion involve impacts and switches in the dynamic behavior and are therefore inherently
non-smooth. Non-smooth locomotion systems belong to the class of hybrid systems.
While a number of approaches to modeling and control of hybrid systems exist [1, 6],
these works are in general not applicable to locomotion. Some exceptions are [5] which
provides a quasi-static controllability analysis of locomotion devices, and [15] where a
method for stabilizing systems with changing dynamics is described.

The state space of a non-smooth locomotion system can be partitioned into regions
D; so that in the region D; the system is described with a set of differential equations
& = Fj(x,u). The regions D, are called discrete states; within each discrete state, the
differential equations describe the evolution of the continuous state. Let y(z,u,t) be a
trajectory that connects the state zo with z; (Figure 1). This trajectory is characterized
by a sequence of time instants Ty =ty < t; < ... < tyy1 =711 and a sequence of indices
Jos--. ,jn such that on the interval [¢;,¢;11], the trajectory belongs to the set D;, and
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Figure 1: A trajectory of a system with discrete and continuous state.

at the time ¢;,; it switches from the region Dj, to D;, ,. A motion plan for a hybrid

locomotion system thus consists of three components:
(i) A sequence, {D;,}}¥,, of discrete states.
(i) A sequence, {t;}~,, of switching times.

(iii) Continuous trajectories on each interval [t;, ;1]

We have shown in our previous work [16] that if the sequence of discrete states is
known, motion plans can be efficiently computed using variational approaches. However,
finding a sequence of discrete states involves descending the graph describing the discrete
evolution of the system and can easily lead to a combinatorial explosion. In [14] we
showed that for a certain class of hybrid locomotion systems, the sequence of discrete
states necessary to move in a particular direction can be inferred from the controllability
analysis of the system. The aim of the present paper is therefore to put together these
two sets of results and demonstrate how the analytical tools from [14] can be used in
numerical motion planning algorithms such as [16].

The main assumption that allows us to perform the controllability analysis is that
the system can switch between constraints at any point in the configuration space. In
other words, the distribution that describes the set of admissible directions for a particular
constraint is defined at every point. An example is a planar linkage sliding on a frictionless
surface that can arbitrarily clamp a subset of its links to the surface. Note that the above
assumption does not hold for legged robots; there, the switch to a constrained regime
only takes place when a leg hits the ground (the constrained distribution is only defined
on a submanifold).

The underlying mathematical framework of this paper is Riemannian geometry as
it applies to mechanical control systems [11]. Modeling and controllability results for
smooth mechanical systems are discussed in [10]. Of special importance in the control-
lability analysis are series describing the evolution of the system [12, 13]. Such series are
also a basis of several motion planning algorithms [2, 7, 8].

We base the paper on the modeling framework for constrained mechanical systems
outlined in [9]. We define a class of hybrid mechanical control systems and show that
under the appropriate assumptions the controllability results from [9] can be extended
to this class of systems. Finally, we show how the controllability analysis can be used in
motion planning.



2 Mechanical control systems

Let @ be the configuration manifold of the system with coordinates ¢ = (¢1,...,¢y)-
At every ¢ € (), the kinetic energy of the system defines a Riemannian metric, M,.
Hamilton’s principle states that unforced motions of the system correspond to geodesics
with respect to the metric M! and are thus given by the geodesic equation:

Vi =0 (1)

where V is the Levi-Civita connection corresponding to M [4]. In coordinates (we use
the summation convention throughout the paper), an affine connection is given by:
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X7+ F;‘.kXJ'Yk> 8% (2)
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where the coefficients I}, are known as Christoffel symbols.
When an external force (a one-form) F acts on the system, the dynamic equations
take the form:

Vii=Y (3)

where Y'(¢) = M; ' F(q) is now a vector field. Written in coordinates, these forced Euler-
Lagrange equations take the familiar form:

i+ M, 'Clq,q) = M;'F (4)

where M, is the inertia matrix and C(g, ¢) are the Coriolis and centrifugal forces. For-
mally a mechanical control system can be defined as a tuple (Q, M, F,U), where @Q is
an n-dimensional configuration manifold, M is a Riemannian metric on @ (the kinetic
energy), F = span{F',..., F™} is the input co-distribution (input forces), and U C R™
is the set of inputs. Later in the paper we will also need the notion of input distribution,
Y = span{M 'F*}.

2.1 Constraints

From the control point of view, constraints on a mechanical system limit the set of direc-
tions in which the system can move. Therefore, an intrinsic description of a constraint is a
distribution on (), describing at each point the set of feasible velocities. Such description
applies both to holonomic and nonholonomic constraints.

A mechanical control system together with a constrained distribution will be called
a constrained mechanical control system, ¥ = (Q, M, F,D,U). It was shown in [9] that
the dynamic equations for such a system can be also written using an affine connection:

Vid = uPp(Y"), (5)

where Pp : TQ — T(Q is the orthogonal projection to D (with respect to the metric M)
and V is given by

VY =VxY + A (Vx A — P)) (Y), VX,Y

!The controllability analysis is simpler if the potential forces are present so we will neglect them in
this work.



where A is an invertible (1,1) tensor. For different choices of A we will get different
affine connections, however it can be easily checked that if Y is a vector field which takes
values in D then all these connections yield the same value. This implies that each of
these connections yields the same dynamic equations on the constraint distribution D.
The tensor A is usually chosen so that the computations are simplified.

The importance of defining the connection V is that equation (5) is formally iden-
tical to equation (3). Such description therefore provides a unified treatment of both
constrained and unconstrained mechanical control systems, see [9].

2.2 Hybrid mechanical control systems

A hybrid mechanical control system consists of a mechanical control system (Q, M, F,U)
together with a given set of constraint distributions D;, where ¢ belongs to an index set 1.
Each constraint D; yields a constrained mechanical control system ¥; = (Q, M, F, U, D;),
with associated affine connection V; and input distribution ); = span{Pp, M ' F'}. For-
mally, the hybrid mechanical control system is therefore a tuple (I, Q, M, F,U,{D;}icr)-
Slightly more general definition can be found in [3].

The evolution of a hybrid mechanical control system can be described as follows. The
system starts in a state ((¢,q),?7) € TQ x I and it evolves according to the dynamics
given by V; and the chosen set of controls. At any point, we can choose to switch to any
other discrete state. Whenever the system switches between two discrete states ¢ and j
(constraint distributions D; and D,) it undergoes impact. The velocity after the impact
is the orthogonal projection onto D; of the velocity before the impact:

q(t") = Pp;q(t") (6)

3 Equilibrium controllability

In the case of mechanical control systems two controllability questions can be asked: (a)
what points in the phase space (i.e., configuration and velocity) can be reached; and (b)
what configurations can be reached. The first question can be addressed using standard
nonlinear controllability methods. We will show that in the case of hybrid mechanical
control systems, the second question is particularly interesting. For smooth systems, the
question was posed and answered in [10] and we briefly review this work here.

Consider a system described by (5). Let gy be a point in @) and let W be a neighbor-
hood of ¢g. The reachable set of gy within W is

Rg/(QO; S T) =
Ur<r {z € Q | 3 a solution ¢(t) to (5) s.t. ¢(0) =0, ¢(t) € W for t € [0, 7], ¢(7) = z}.

Note that the definition of ’Rg’ (go, < T') only involves the configurations, not the veloc-
ities. The system (5) is locally configuration controllable at qq if there exists a time T
such that 'Rg’(qo, < T') contains a neighborhood of ¢q for any neighborhood W of ¢,, and
equiltbrium controllable on W C @, if for any two equilibrium points ¢, ¢, € W, there
exists an input {u*(t),t € [0,T]} and a solution {q(t),t € [0,T]} such that q(0) = g,
q(T) = g2, q(t) € W for all ¢t € [0,T], and ¢(0) = 0, ¢(T) = 0.

To characterize the configuration controllability, we introduce the following opera-
tions. As in [10], we define the symmetric product of two vector fields as:

(X:Y)=VxY +VyX.



Let X = {X1,...,X,,} be a family of vector fields. We define Lie(X) to be the closure
of X under the Lie bracket operation (the involutive closure), and we let Sym(X’) be the
closure of X’ under the symmetric product operation. Within the set Sym(X'), we define
the order of a symmetric product to be the number of vector fields X; present in it. We
say that a symmetric product is bad if it contains an even number of each X;. Otherwise
the product is said to be good. The controllability tests are then:

Theorem 3.1 ([10]). The system is configuration controllable at gy if:
(i) the rank of Lie(Sym(Y)) is full;

(ii) at qo, every bad symmetric product is a linear combination of lower order good
symmetric products.

If these conditions are verified at every g € W, then the system is equilibrium controllable
on W.

3.1 Hybrid mechanical control systems

In [3] we studied configuration and equilibrium controllability for hybrid mechanical
control systems. Since the analysis above requires computation of the brackets at zero
velocity, we had to restrict our analysis to the case when the switches between different
regimes occur at zero velocity. We showed:

Proposition 3.2 ([3]). A hybrid mechanical control system is equilibrium controllable
on an open set W if the following two conditions hold:

(i) in each discrete state i, every bad symmetric product is a linear combination of
lower order good symmetric products

(i) the rank of Lie(D_,.; Sym;(Vi))(q) is full for all g € W.

Restricting a hybrid mechanical control system to switches at zero velocity is overly
restrictive. It was shown in [14] that it is possible to generalize the above result to
switches at nonzero velocity. The key observation is that if in some regime 7 the system
can generate a nonzero velocity at ¢ (by making a small loop in the configuration space),
then we can use the nonzero velocity to exploit directions generated by the brackets that
would otherwise vanish. These additional directions can not be generated by starting
at zero velocity and must be evaluated for those values of v that can be generated by
making small loops from ¢. These directions are characterized by Sym(Y), see [10].

For simplicity we assume that the system only has two regimes (the system can switch
between free motion and motion in directions D), ¥ = ({1,2},Q, M, F,U,{TQ, D}).

Proposition 3.3 ([14]). The system . is equilibrium controllable on some neighborhood
W of qo if the following conditions hold:

(i) D C span {Sym({Y;'}) U Sym({Y;?})}, where Y! =Y, and Y;* = PpY;'.

(ii) Fork = 1,2, the bad symmetric products <sz : Y;k> are spanned by the vector fields
vE.
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Figure 2: Sliding and clamping mechanism with two links. One of the links can be
clamped to the floor so that it is completely immobilized.

(iii) For every q € W:

TQ = Span {D U {ifik: [}/;ka Ygl]} U {Vvl/;ka VzY;k(Ua U) + R(U7 Y;k)v}UESym({Yil})}

where k and | must be different regimes.

Condition (ii) corresponds to condition (i) in Proposition 3.2, while condition (iii)
is similar to condition (ii) there with added terms that can be generated by switches at
nonzero velocity. These terms are evaluated on the set of velocities that can be generated
in regime 2. Conditions (ii) and (iii) imply only local configuration controllability, which
means that we would not necessarily be able to stop after we moved to the desired
configuration. However, if condition (i) holds, we can bring the velocity to zero at
the final position by performing loops there. The system will be therefore equilibrium
controllable.

4 Controllability analysis and planning for a sliding
and clamping mechanism

In this section we apply our analysis to a two-link mechanism sliding without friction on
a plane. The mechanism consists of two homogeneous bars of unit density and lengths
(I1,15), connected by an actuated rotational joint (Figure 2). In the figure, CM denotes
the center of mass of the two body system. The coordinates of the center of mass of
the link j are (x;,y;,60;), while (Zoum, You) are the coordinates of CM. One of the links
can be instantaneously clamped to the ground (anywhere on the plane) so that it gets
completely immobilized. When the link is clamped, the number of degrees of freedom of
the system decreases from 4 to 1. The clamping constraint is described by the function
e1(q) = (21, y1,01).

The configuration manifold of the two body system is @ = SE(2) x S1. We will
describe the configuration with the coordinates ¢ = (zqu, You, 0, @), where = 6; and
¢ = 02 - 01.

When the first link is clamped, the system is confined to the submanifold R;(gp) =
{g € Q| v1(¢) = (z0,%0,00)}. This holonomic constraint induces the constraint distri-



bution:

D4(q) = span {—213 sin(¢ + 6)

0
+ 213 cos(¢ + 6) +4(ly +lg)—}

0T o 8yCM a¢

If we set Dy(q) = T,Q, we thus have a hybrid mechanical control system:
Y= ({1,2},Q, M, F,U,{D;,Dsy}).
The input vector field is:
0 0
Vi =13 (Io(50 + 21y) + 313 cos(9)) 55 (20F + 531y + 5lyly + 215 + 61315 cos(¢)) 99
The input vector field on the constrained regime is obtained by projecting Y;' onto

the constraint distribution. Since the constrained distribution is one-dimensional, the
constrained input spans exactly the same direction as the constrained distribution:

0 0
212 6 A0l + ly)—
8%M+ 5 cos(¢ + )8yCM+ (I + 2)(%

We now have all the necessary tools to check for equilibrium controllability. Notice
that in the regime 2 the system is fully controllable, Sym({Y?}) = D, so the condition
(i) is trivially satisfied. We can also show that (V! : Y}!) = (V]! for some scalar function
¢, so that condition (ii) is satisfied. Finally, we can check that

rank {}/11: }/12’ [}/11: Yf]a V2lel (}/12a Yf) + R(Y12) }/11)}/12} (q) = 4

in a neighborhood of the point (zcy, You, 8, @) = (0,0,0,0). Therefore, the hybrid me-
chanical control system X is equilibrium controllable.

It turns out that we could replace the last vector with the bracket [V}, [V}, Y}!]] and
still span the whole space. This means that the system is equilibrium controllable even
if we only allow switches at zero velocity, as was shown in [3]. However, this bracket is of
higher order than the bracket generated by the switches at nonzero velocity. Therefore,
even if switching at nonzero velocity does not contribute any new controllable directions,
it allows us to move in certain directions more efficiently.

The controllability analysis also indicates what switching sequence will be necessary to
move (locally) in a particular direction. Clearly, the directions Y;' and Y;? do not require
any switches. The direction [V}, Y}?] can be generated by a sequence UCUC, where U
stands for the unclamped regime and C for the clamped regime. And finally, the direction
VY YE, YE) + R(YE, Y)Y ? will require the sequence CUC. In the clamped regime we
first generate a non-zero velocity in the direction Y2. After switching to the unclamped
regime the system will start moving in the direction V2V (Y2, Y2) + R(Y2, Y1) Y2, but
in order to stop the motion we need to switch to the clamped regime again at the end of
the maneuver.

At this point a motion planning method such as that described in [16] can be employed
to construct a motion plan. Since the controllability analysis only gives us local results,
we will in general need to concatenate a series of maneuvers in order to reach the desired
goal configuration. Figure 3 shows for example a maneuver that can move the mechanism
for a unit distance in the y direction. The mechanism is initially clamped. It then swings
the unclamped link to build the velocity, after which it releases the constraint and starts
drifting. At the end, a maneuver is performed that stops the mechanism.

The motion plan in the figure was computed using the sequential quadratic pro-
gramming method provided in the NAG numerical library. For the simulation, we fixed
the duration of motion to 3s, with the switches occuring at 1s and 2s. The computed
trajectory minimizes the L? norm of the input.

Y2 = —205sin(¢ + 0)
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Figure 3: Motion generated by switch at nonzero velocity. When the link is clamped to
the ground, it is colored in gray.

5 Conclusions

We investigated a class of mechanisms that can locomote by switching between con-
straints. The non-smooth nature of such systems due to changes in the dynamic equa-
tions and impacts prevents the application of conventional tools for motion planning
and control. We showed that under certain conditions it is possible to perform the con-
trollability analysis for such non-smooth locomotion devices by exploiting their special
Lagrangian structure. The controllability analysis leads to motion primitives that can
be efficiently computed and subsequently used to construct motion plans. We also char-
acterized motion directions in the case when the system switches between constraints at
nonzero velocity. We showed that switches at nonzero velocity can provide new control-
lable directions and can generate motions in certain directions more efficiently than gaits
provided by the zero velocity analysis.
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